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Abstract—In this paper, a nonlinear control design is presented
for systems whose input and output vectors are saturated. The
proposed synthesis includes an optimal tracker as the seed
controller and explicitly imposes all the relevant constraints on
system input, on the rate of change in the input, and on system
output by using the tools of barrier functions, input-output
feedback linearization, comparison argument, Lyapunov argu-
ment, and a real-time constrained optimization. The proposed
design is applied to microgrid operation with high penetration
of renewable generation, where net load and variable generation
must be balanced and the microgrid should be operated at
an optimal or near-optimal performance level. Since traditional
generation has a limited ramping rate, battery storage devices
and demand responses become necessary to effectively deal with
variability of renewable generation and to maintain frequency
stability, but their capacities are also limited. It is shown that
the proposed design is effective for coordinated control of
traditional generation, storage and demand response so that the
power system frequency is guaranteed to be within the required
operational limits and that renewable curtailment is eliminated
or minimized.

Index Terms—Constrained control, optimal control, power
systems

I. INTRODUCTION

OPTIMAL control theory has been widely applied since
the 1950s, and modern control units can perform real-

time computation of static optimization, but nonlinear op-
timal control problems involve dynamic optimization that
are generally too difficult to solve computationally online.
Hence, nonlinear controls need to be analytically designed
and examined. Nonlinear dynamics such as saturation arise
naturally in practical applications due to safety and perfor-
mance requirements as well as physical constraints. Control
applications include hybrid vehicle control [1], underwater
autonomous vehicles [2], magnetic levitation [3], and power
systems [4]. In particular, the problem of designing a real-time
optimized control for systems with output, input, and their rate
constraints simultaneously has not been addressed.

Barrier functions provide an effective tool to deal with
constraints in dynamic systems. Existing results include open-
loop techniques [5], barrier approximations [6], and Boolean
compositions [7]. Using input-output feedback linearization
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in conjunction with a comparison argument, a barrier func-
tion method is presented in [8] to design feedback control
for output constrained systems. While this result has salient
features of being analytical and using real-time optimization,
it does not consider constraints on the input or its rate
of change. It is well known that, as constraints on control
input limit control authority, input constraints impede both
stability and performance and hence cannot simply be added
without adequate design or thorough analysis. Furthermore,
none of the existing results have considered tracking or optimal
performance.

In this paper, the class of input-output saturated systems
with nominal linear dynamics is considered, and a nonlinear
optimized control design is presented. Nonlinear stability
conditions are derived in closed form for the class of systems
by using the Lyapunov direct method and by utilizing the fact
that the Jacobian of saturated linear dynamics is piecewise
constant, and the conditions can analytically be verified. Addi-
tionally, input-to-state stability is also established to ensure ro-
bustness of the closed loop system against exogenous input and
modeling/prediction errors. The proposed control synthesis
methodology embeds the linear quadratic optimal control into
a point-wise constrained quadratic optimization formulation
and uses the barrier function method to derive algebraic
state/input-dependent constraints for real-time optimization.
Stability and optimal (or near-optimal) performance is shown
for the proposed control.

The rest of paper is organized as follows. In section II,
the class of saturated systems is introduced, and the control
problem is defined. In section III, stability and robustness
conditions under a general nonlinear control law are de-
rived, the linear optimal tracker is introduced as the seed
control, the barrier function method is applied to derive the
algebraic state/input-dependent constraints, and the proposed
nonlinear optimized control is solved in real-time from the
corresponding point-wise constrained optimization problem.
In section IV, the proposed control is applied to the microgrid
control problem with high penetration of renewables. Then,
conclusions are drawn in section V.

II. PROBLEM FORMULATION

Consider the following class of dynamic systems with
saturation on partial state (i.e., output), input and the rate of
change of input:

ż = Azz +BzSAT[uz] +Gzr, yz = Czz,

u̇z = SAT[u],

ηz = SAT[yz],

(1)
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where z is the original state vector, yz is the unconstrained
output, ηz is the constrained output, SAT[·] denotes a vector
of component-wise saturation functions, uz is the control input
vector subject to both magnitude and rate saturations, and
u ∈ <m is the actual dynamic control to be synthesized.
Matrices Az , Bz , Cz and Gz are of appropriate dimensions.
Exogenous input r ∈ <l is a function of time, and its historical
value is recorded. Although the future value of r(t) is typically
unknown, its estimate r̂(t) could be generated using such
technique as stochastic forecast [9], [10], [11].

By introducing the augmented state x ∈ <n and the overall
constrained vector η ∈ <p+m as

x , [zT uTz ]T , η , [ηTz SATT [uz] SATT [u]]T ,

we can rewrite dynamics of system (1) as

ẋ = F (x, u) +Ax+Bu+Gr, y = Cη, η = H(x, u), (2)

subject to η ∈ Ω, where

Ω = {ci ≤ Hi(x, u) ≤ ci, i = 1, · · · , (p+m)} (3)

ci, ci are known lower and upper limits,

A =

[
Az Bz
0 0

]
, B =

[
0
I

]
, CT =

I0
0

 , G =

[
Gz
0

]
, (4)

y is the (unconstrained) output. Vector η consists of all vari-
ables subject to saturation, and function F (x, u) : <n+m →
<n contains all the saturation-induced nonlinearities that van-
ish in set Ω. Specifically, elements of F (x, u) are the nonlinear
terms of saturated variables minus their unsaturated versions,
i.e., F (x, u) ≡ 0 if η ∈ Ω. It can be assumed in most
applications that Ω ⊂ <p is a compact set with 0 ∈ Ω.

The control problem solved in the paper consists of the
following aspects:

• Analytical stability conditions are derived for nonlinear
control system (2), and its robustness is established in the
presence of forecasting error (r − r̂).

• An optimal tracking control is developed for system (2)
with respect to performance index

J =
1

2
ỹTf Sf ỹf +

1

2

∫ tf

t0

[ỹTQỹ + uTRu]dt, (5)

where ỹ = y − yd, yf = Cη(tf ), Sf = S(tf ) ≥ 0, with
yd signifying the desired output. Square penalty matrices
Q ≥ 0 and R > 0 are symmetric and of appropriate
dimensions. Although the nonlinear optimal control may
not be solvable in general, a Lyapunov-based design is
presented to force nonlinear system (2) to move in such
a way that η gets into set Ω and remains there, hence
the resulting control converges to the closed-form linear
optimal solution.

• For any given set Ω, the constraints on η are handled by
a barrier function design into which the aforementioned
analytical optimal tracking control law is embedded.

III. NONLINEAR AND OPTIMAL CONTROLS

This section begins with a general nonlinear control design
for system (2). The corresponding stability condition is derived
using a combination of lemma 1 from [12] and the standard
Lyapunov argument [13].

A. Nonlinear Control

While saturation functions are nonlinear, their Jacobians are
piecewise constant. This observation leads us to use lemma
1 whose Lyapunov stability conditions are in terms of the
Jacobian properties rather than the original nonlinear system.
For the case that V is quadratic, lemma 1 can be used to
conclude theorem 1.

Lemma 1 [12]: Consider an error system in the form of
ė = F(e, t), and assume that its Lyapunov function V(e, t) is
positive definite and decrescent. If Jacobian matrix 5eF has
the property that

5tV + [5eV]T 5wF(w, t)|w=x−δe ≤ −ρ(‖e‖)

for some class-K function ρ(·), for all x ∈ <n and for all con-
stants δ ∈ (0, 1), then the system is uniformly asymptotically
stable.

Theorem 1: Consider system (2) under control

u(x, t) = −R−1BT (k(x, t)− v(r̂, t)), (6)

where v is a uniformly bounded function of r̂ and time. Under
control (6), denote F (x, t) , F (x, u(x, t)). If matrices S(t)
and

Γ(w, t) , Ṡ + S 5w [F (w, t) +Aw −BR−1BT k(w, t)]

+{5w[F (w, t) +Aw −BR−1BT k(w, t)]}TS

are decrescent and positive definite for all w ∈ <n, then
system (2) under control (6) has the following properties:

• If r̂ = r, the state is asymptotically convergent to
equilibrium state xe described by

ẋe = [F (xe, ue) +Axe −BR−1BT k(xe, t)]

+BR−1BT v(r, t) +Gr. (7)

• If r̂ 6= r, the tracking error is input-to-state stable with
respect to forecast error (r − r̂)

where ue = u(xe, t).
Proof: Under control (6), system (2) becomes

ẋ = [F (x, t)+Ax−BR−1BT k(x, t)]+BR−1BT v(r̂, t)+Gr.

If r̂ = r, the trajectory of equilibrium state xe is governed by
(7). Conversely, if r̂ 6= r, then for the state error e = x− xe,
we have the error system

ė = [F (x, t)− F (xe, t) +Ae

+BR−1BT (−k(x, t) + k(xe, t))]

+BR−1BT (v(r̂, t)− v(r, t)).
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For positive definite matrix S(t), we choose the Lyapunov
function V = 1

2e
TS(t)e. It follows that, for some δ ∈ (0, 1),

V̇ =
1

2
eTSė+

1

2
ėTSe+

1

2
eT Ṡe

= eTSBR−1BT [v(r̂, t)− v(r, t)] +
1

2
eT
[
Γ|w=x−δe

]
e

≤ λmax(SBR−1BT )‖e‖‖v(r̂, t)− v(r, t)‖

−1

2
λmin(Γ)‖e‖2, (8)

where λmax(·) and λmin(·) denote the maximum and min-
imum eigenvalues, respectively, and from which asymptotic
stability is seen from lemma 1 and input-to-state stability can
also be concluded using [13]. �

In general, there are many choices of k(x, t) in feedback
control (6). In the next subsection, an optimal control is
presented as the seed control in the proposed design.

B. Optimal Control

In what follows, an optimal tracking control is derived for
system (2) using standard techniques [14]. With respect to cost
function (5), the Hamiltonian with costate λ(t) is:

H =
1

2
ỹTQỹ+

1

2
uTRu+λT (F (x, u)+Ax+Bu+Gr̂). (9)

Then, the corresponding unconstrained optimization problem
is to minimize the following cost function:

J =
1

2
ỹTf Sf ỹf +

∫ tf

t0

[H− λT ẋ]dt. (10)

It follows from calculus of variation [14], that the first-order
variation of the cost function is given by

δJ = (Sf ỹf − λTf )δx+

∫ tf

t0

[(
∂H
∂x

+ λ̇

)T
δx

+

(
∂H
∂u

)T
δu+

(
∂H
∂λ
− ẋ
)T

δλ

]
dt, (11)

with λf = Sf
∂ỹ
∂x |y=yf . Upon δJ in (11) being set to be zero,

the following necessary conditions are obtained:

ẋ = F (x, u) +Ax+Bu+Gr̂

λ̇ = −

(
∂y(x)

∂x

T

Q[y(x)− yd] +

[
∂F (x, u)

∂x
+A

]T
λ

)

u = −R−1

[
B +

∂F (x, u)

∂u

]T
λ

with x0 given. Comparing the above expression with control
(6) of theorem 1, we know that, as long as SAT[u] = u,

λ = k(x, t)− v(r̂, t), and control (6) is also optimal if k(x, t)
and v(r̂, t) are the solutions to the following equations:

∂k(x, t)

∂t
= −∂k(x, t)

∂x

T

[F (x, u) +Ax−BR−1BT k(x, t)]

−∂y(x)

∂x

T

Qy(x)−
[
∂F (x, u)

∂x
+A

]T
k(x, t), (12)

dv(r̂, t)

dt
=

[
A−BR−1BT

∂k(x, t)

∂x
+
∂F (x, u)

∂x

]T
v(r̂, t)

−∂k(x, t)

∂x
Gr +

∂y(x)

∂x

T

Qyd; (13)

with terminal conditions k(xf , tf ) = Sfyf , v(r̂, tf ) = Sfy
d.

Although equations (12) and (13) can only be solved
numerically in the general setting, they can be solved ana-
lytically whenever state η stays within set Ω as defined in (3).
By parameterizing the solutions as k(x, t) = S(t)x(t) and
recalling F (x, u) = 0 for η ∈ Ω, equations (12) and (13)
reduce to the standard linear quadratic tracker:

Ṡ=−SA−ATS + SBR−1BTS − CTQC (14)
v̇=[A−BR−1BTS]T v − SGr̂ + CTQyd (15)
u∗ =−R−1BT (Sx− v), (16)

where (14) and (15) are solved backwards. The closed-form
control (16) is only optimal for η ∈ Ω. For η 6∈ Ω, a stabilizing
control can be designed according to theorem 1 and for system
(2) whose nonlinearities consist of saturation functions. Specif-
ically, linear optimal tracker (16) can always be embedded
into control (6) with v(r̂, t) given by (15) together with (14),
and the nonlinear feedback control part k(x, t) will be chosen
to force η into set Ω and hence achieve both stability and
optimality. This design, which utilizes barrier functions, is the
topic of the next subsection.

C. Barrier Function Design

Based on input-output feedback linearization and a com-
parison argument, the so-called barrier function translates
algebraic constraints on the output (including both the states
variables and control u) into algebraic state-dependent inequal-
ities in terms of the control. By satisfying such inequalities, the
control can force output vector η into set Ω. By nature, such
a control design ensures Lyapunov stability and, by making Ω
an invariant set, control (6) becomes linear control (16) that
achieves optimal performance within set Ω.

Definition 1: Consider system (2) with u satisfying its con-
straints and with r = r̂ being a time-frozen value, expressed
as ẋ = f(x, r̂) + Bu, with barrier function ξi(x). Then, an
lth-order Lie derivative of ξi(x) is recursively defined as

L(1)
f ξi(x) =

∂ξi(x)

∂x
f(x, r̂)

...

L(l)
f ξi(x) =

∂

∂x
[L(l−1)
f ξi(x)]f(x, r̂).

The barrier function ξi(x) is said to have relative degree µi if

∂ξi(x)

∂x
B = 0, · · · ,

∂

∂x
[L(l−2)
f ξi(x)]B = 0,
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and
∂

∂x
[L(l−1)
f ξi(x)]B 6= 0.

Using the concept of relative degree, we can write high-
order time derivatives of ξi(x) as [13]: using differential
operator s,

ξ
(j)
i (x) , sjξi(x) = L(j)

f ξi(x), j = 1, ..., µi − 1; (17)

and

ξ
(µi)
i (x) , sµiξi(x) = L(µi)

f ξi(x) +
∂

∂x
[L(l−1)
f ξi(x)]Bu.

(18)
The following lemma based on the comparison theorem pro-
vides the mechanism of employing a set of barrier functions,
denoted by ξi(x) ≤ 0 for i = 1, · · · , 2p, into a nonlinear
control design. In the remainder of the section, we denote
ξi(t) , ξi(x(t)) to simplify the notation.

Lemma 2: Consider the following differential inequality:
µi∏
j=1

(s+ γij)ξi(t) ≤ 0, (19)

where γij > 0 are constants. Then, solution ξi(t) has the
property ξi(t) ≤ 0 for all the time provided that ξi(0) ≤ 0
and the following inequalities hold whenever µi > 1:

k∏
j=1

(s+ γij)ξi(t)

∣∣∣∣∣∣
t=0

≤ 0, ∀k ∈ {1, · · · , µi − 1}, (20)

If ξi(0) � 0, then ξi(t) ≤ 0 becomes true exponentially under
inequality (19).
Proof: Differential inequality (19) can be expressed as

αl = (s+ γil)αl−1, j = 1, · · · , µi, (21)

where α0(t) = ξi(t), and αµi
(t) ≤ 0. The solution to (21) is

αl−1(t) = αl−1(0)e−γilt + e−γilt
∫ t

0

eγilταl(τ)dτ, (22)

from which we see that αl(t) ≤ 0 and αl−1(0) ≤ 0 imply
αl−1(t) ≤ 0. Hence, by induction, we know that the first
statement of the lemma is true.

Differential inequality (19) can also be expressed as the
following equality:

µi∏
j=1

(s+ γij)ξi(t) = αµi(t),

where αµi
(t) ≤ 0. The above differential equation is asymp-

totically stable and hence, no matter what are the initial
conditions, solution ξ(t) will eventually become negative as
solution (22) shows that αµi−1(t) will exponentially approach
to negative values and by induction so will α0(t). This proves
the second statement of the lemma. �

The specific steps of designing an optimized nonlinear
control using barrier functions are as follows:
Step 1: It follows from (3) that there are a total of 2p state-
dependent constraints. Choose their corresponding barrier
functions as:

ξ2i−1 = Hi(x)− ci, ξ2i = ci −Hi(x), i = 1, · · · , p;

and determine the relative degree µi for each of ξi.
Step 2: Choose positive constants γij for j = 1, · · · , µi and
calculate the corresponding characteristic polynomial:

∆i(s) ,
µi∏
j=1

(s+ γij) = sµi +

µi−1∑
j=0

βjs
j . (23)

It follows from the above expression and equation (18) that

αµi
=

∂

∂x
[L(µi−1)
f ξi(x)]Bu+L(µi)

f ξi(x) +

µi−1∑
j=0

βjL(j)
f ξi(x).

We know from lemma 2 that barrier ξi(x) ≤ 0 can be ensured
either all the time or asymptotically by choosing u such that
the control as

∂

∂x
[L(µi−1)
f ξi(x)]Bu ≤ −L(µi)

f ξi(x)−
µi−1∑
j=0

βjL(j)
f ξi(x).

(24)
Step 3: The proposed nonlinear control (6) is the solution to
the following real-time optimization: with u∗ given by (16),

u = argmin
u

‖u− u∗‖2

subject to
{

(24) for i = 1, · · · , 2p;
ui ∈ [cp+i, cp+i] for i = 1, . . . ,m.

(25)

The proposed control (25) is generally not nonlinearly
optimal (in the spirit of (12) and (13)). The control is both near
optimal and analytical in the presence of the constraints on the
output, the input and its rate of change, and it does become
optimal once η enters set Ω. Stability under the proposed
design is given by the following theorem.

Theorem 2: Consider system (1) in which matrix Az is
Lyapunov stable and the pair {Az, Bz} is controllable.
Suppose that, with respect to the augmented nonlinear system
(2), ηi are input-output feedback linearizable with relative
degree µi and with Lyapunov stable internal dynamics [13].
Then, nonlinear control (25) is Lyapunov stabilizing. If the
reference signal yd is feasible for system (2) with η ∈ Ω,
control (25) is also asymptotically stabilizing.

Proof: It follows from (4) that A is Lyapunov stable if and
only if Az is Lyapunov stable and that {A,B} is controllable
if and only if {Az, Bz} is controllable. Hence, linear optimal
control u∗ in (16) is stabilizing and optimal for system (2)
whenever η ∈ Ω. On the other hand, control (25) forces η to
move toward Ω exponentially and hence is stabilizing (in the
sense of ensuring boundedness under any exogenous signal
r(t) and its (good) forecast r̂(t)). As shown in lemma 2, Ω
is also an invariant set in the sense that, once η moves into
Ω, it will stay there. Therefore, if the reference signal yd is
achievable under the saturated controls, control (25) will make
η to move into Ω, and hence the control is asymptotically
stabilizing. �

It is worth noting that, since the controls (and their rates
of change) are saturated, trajectory yd is feasible if both
its magnitude and rate of change are limited. For the same
reason, the exogenous signal r(t) can be fully compensated
if its magnitude and rate of change are also limited. As
yd and r(t) become larger or faster, performance of the
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overall system becomes degraded (gradually and graciously).
Asymptotic stability could be lost but not Lyapunov stability
(i.e., boundedness around the equilibrium).

IV. APPLICATION TO MICROGRID CONTROL

The proposed design framework is motivated by the con-
temporary microgrid power control problem. In its simplest
setting, a microgrid consists of the following components [15]:
(i) An aggregated net load r, which is the total non-adjustable
load minus distributed generation from solar and wind. (ii) A
battery storage device of power output Pb and stored energy
E:

Ṗb = −SAT[ub], Ė = Pb, .

(iii) A demand response (DR) program that adjusts control-
lable load Pdr:

MlṖdr = −Pdr + udr.

And, (iv) a traditional generator described by the swing
equation together with turbine and governor control:

Mgẋg = −xg + ug,

MsṖm = SAT(xg − Pm),

Mω̇ = −Dω + Pm − Pb − r − Pdr,

where xg is turbine output, Pm is mechanical power, and ω
is frequency. Ml, Mg , Ms, M and D are system parameters.

The main control objective is to maintain the system fre-
quency by balancing the load and generation and to optimize
the system operation under a full set of input and output
constraints. The output constraints are the maximum frequency
range, the ramping rate of Pm, the limit on Pdr, and the
operational range of battery storage, as listed below:

ω ∈ [ω0 − 0.05, ω0 + 0.05],

|(xg − Pm)| ∈ [0, cr,max] (26)
|Pdr| ≤ P dr

E ∈ [0, E],

where ω0 is the nominal frequency. Among the three control
inputs, battery charging/discharging rate ub is bounded as ub ∈
[ub, ub] while governor control input ug and DR input udr
are unconstrained.

If r were known in advance and its change were not too
quick or overly large, a standard tracking control design would
work. However, renewable resources are inherently uncertain,
and while advanced data analytics methodologies can be used
to forecast their values, intermittency and high variability are
inevitable. This is illustrated by figure 1 drawn using the
photovoltaics (PV) data from [16] and at the level of 100%
PV penetration. In the figure, the net power data is in per unit,
with 8MW as the base. The net load profile (in thick black)
can be well-predicted [9], [10], [11] (as r̂) but not the rapid
changes (in red) due to solar generation variations. Those large
swings make the microgrid control problem very challenging
due to all the constraints explained above. In particular, the
traditional generator can provide substantial power but its rate
of change is slow. Demand response (i.e., load reduction) is

relatively faster, but controllable loads are limited and load
reduction incurs cost. Battery storage is fast, but its capacity
must be limited due to cost, and its charging/discharging
rates have to be constrained. As such, the proposed control
is used as a coordinated optimal control strategy designed
specifically to maintain frequency stability under the large
transient disturbances and under existing input and output
constraints.

Fig. 1: Net load: the profile and large transient swings

To illustrate the performance of the proposed control, a
simulation study is performed with the following parameters:
ω0 = 60 Hz, cr,max = 0.22, P dr = 0.1, E = 0.07, ub = −0.1,
and ub = 0.1. For linear optimal tracker (16), yd = [(x∗g −
P ∗
m) ω0 0 E/2]T , where x∗g and P ∗

m are free, penalty matrices
are chosen to be R = diag{1, 20, 10} (with respect to control
vector [ug udr ub]

T ) and Q = diag{0, 500, 250, 200} (with
respect to state vector [(xg − Pm) ω Pdr E]T ) so that their
perspective control/state values are consistent with the control
objective. In particular, minimizing frequency deviation is the
top priority, thus its penalty is the highest among those for all
the state variables.

Fig. 2: Trajectory of ug and its limiting values

Figure 2 shows the trajectory of ug as well as the limiting
values of ug , which are calculated from barrier functions
formed according to constraint (26). It is apparent that, during
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the periods of the net load profile changes rapidly, control ug
makes the ramping rate reach but not exceed its boundary.
Nonetheless, ug is incapable of compensating for the large
swings in PV generation.

Fig. 3: Trajectory of system frequency

As revealed in figures 3 and 4, rapid ramping/dropping
of net load (during 6-9am) and large intermittent changes of
PV generation (during 8:30am to 2pm) are successfully com-
pensated for by the combination of battery storage and DR.
When the net load becomes negative even after conventional
generation is turned off, battery and DR must be used to absorb
the excess power. Battery power reaches its limit between 6-
9am, and DR becomes the only asset to be controlled, which is
due to the relative weights used in the optimal control design.
Between 8:30am-2pm, both battery and DR compensate for the
large swings of PV generation without letting the frequency
drift out of its operational range. In short, the three control
inputs are coordinated optimally such that all the constraints
are satisfied at all times, including frequency stability.

Fig. 4: Trajectory of battery and DR responses

V. CONCLUSION

In this paper, a nonlinear control design is presented for
systems that are subject to saturation constraints on the system

output, the system input, and the input rate of change. The
proposed control employs barrier functions to explicitly take
into account and enforce all the constraints, and it embeds a
linear optimal control as the seed controller into a real-time
optimization with dynamic and state-dependent constraints.
Analytical stability conditions in terms of the piecewise-
constant Jacobian matrix are obtained for systems with sat-
urations, and the proposed control is shown to be stabilizing
and ensure near-optimal or optimal performance with respect
to a standard performance index. The proposed control is
applied to the microgrid control problem in which traditional
generation, battery storage, and demand response are subject
to their perspective ramping rate and capacity constraints. The
proposed control effectively coordinates the assets under their
constraints and achieves frequency stability in the presence of
rapid changes in renewable generation.
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