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A Stochastic Controller for Primary Frequency Regulation
Using ON/OFF Demand Side Resources

Guanyu Tian and Qun Zhou Sun , Member, IEEE

Abstract—Residential ON/OFF devices, such as thermal-
controlled loads and smart appliances, have great potential
for providing frequency regulation service in the power grid.
These devices can be engaged using centralized, distributed, or
local control. However, both centralized and distributed controls
require significant costs for communication infrastructure, while
local controllers may perform poorly due to a lack of coor-
dination. To address the challenges, a stochastic demand-side
management controller is proposed. The stochastic controller
dynamically adjusts the aggregated response power profile by
randomizing the execution of demand response actions using a
stochastic filter with no communication required. The system
frequency response is analytically proved to be critically damped
to the nominal value. Using the stochastic controller on grid-
interactive water heaters, test cases are implemented to validate
the frequency regulation performance under a power system
transient scenario. The proposed controller produces the best
system frequency response compared to benchmark controllers.

Index Terms—Demand response, frequency regulation,
stochastic controller, water heaters.

I. INTRODUCTION

THERMAL controlled loads and smart appliances, such as
water heaters (WH) and air conditioners (AC), are the

flexible loads in residential houses that are playing increas-
ingly important roles in providing grid services, especially
the primary frequency regulation [1], [2]. These demand-
side resources are mainly ON/OFF devices. In the existing
literature, ON/OFF devices can be used for frequency reg-
ulation in three ways, centralized, distributed, or locally
controlled [3], [4], [5].

Centralized and distributed controls require communication
to a control center or neighboring controllers, which tremen-
dously increases the cost of implementation and potentially
introduces vulnerability from cyber-attacks. In contrast, local
controllers avoid the need for communication infrastructure
by responding to local frequency information. The response
logic of a locally controlled ON/OFF device is to mitigate the
power imbalance by turning off the controlled device when the
monitored local frequency is lower than the nominal frequency
and vice versa. To avoid frequent switching, the time-variant
frequency dead band scheme has been proposed in [6].
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Fig. 1. Design of the S-DSM controller for ON/OFF devices.

However, the existing local controller has significant draw-
backs that prevent it from being widely adopted despite its
low cost. First, as the system frequency rarely falls exactly
on the nominal value, frequent ON/OFF switching of devices
may occur and reduce the life cycle. Frequency dead bands
can be used, but the frequency response would most likely
either converge to a non-nominal value or oscillate within the
band [6]. In addition, all devices using the local control scheme
respond to the same signal simultaneously, resulting in a sys-
tematic shock and frequency oscillation to the grid. This effect
is further demonstrated in our case study.

This letter proposes a novel stochastic demand-side man-
agement (S-DSM) controller for ON/OFF devices to provide
frequency regulation. The proposed stochastic controller is a
local controller that does not require communication infras-
tructure. It operates without any dead band while achieving
good performance in conjunction with internal controls. The
convergence of frequency response is analytically proved to
be critically damped to the nominal value without oscillation.

II. METHODOLOGY

A. Stochastic Demand Response Controller

Fig. 1 illustrates the control logic of the proposed S-DSM
controller. The principle is to randomize the response status
among ON/OFF devices. The S-DSM controller is composed
of a logic controller and a stochastic filter. It generates con-
trol signals based on the comparison between the measured
frequency f and nominal frequency f0: f < f0 produces an
“OFF” signal and f > f0 produces an “ON” signal. The
stochastic filter is triggered every �t second and samples a
uniform random number ξ in the range of [0, 1]. The control
signal is executed only when ξ < α; otherwise, it is bypassed.

Note that the S-DSM controller works seamlessly with the
device’s internal controls, e.g., the internal controller of a
water heater with temperature bounds. The frequency con-
trol signal will be executed when the temperature is within
the bounds; otherwise, the internal controller will overwrite it
to ensure the intended water heating functionality. Although
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alternative overwriting can happen, its probability, denoted by
αN , decreases exponentially with the number of overwriting
N. Hence, frequent overwriting/switching rarely happens in
practice. This feature is further demonstrated in the case study.

In addition, the S-DSM controller eliminates the need
for frequency dead bands while improving the system
frequency convergence. Thanks to its stochastic nature, the
S-DSM controller guarantees the convergence of frequency
to the nominal value exactly, in contrast to deterministic
dead band-based controllers that yield constant frequency
errors. The frequency convergence is analytically proved
in the next section. During normal frequency fluctua-
tions, consecutive switching can happen, but its probability,
denoted by αM , decreases exponentially with the number of
fluctuations M.

Given a large number of ON/OFF devices, this control
scheme effectively turns on an α portion of devices that are
currently in OFF mode when the frequency is higher than the
nominal value; and turns off an α portion of devices that are
currently in ON mode when the frequency is lower than the
nominal value. The aggregated performance of a large number
of S-DSM-controlled devices is summarized in Algorithm 1,
where ft and rt denote the system frequency and the ratio of
devices in ON mode at the time step t.

B. Proof of Convergence

To show that the system frequency converges to the nominal
value under the proposed S-DSM controller, it is necessary
to construct the dynamic model and show that the frequency
response is stable. The state variables of interest in the
dynamic system of frequency regulation are ω, the machine
speed, and r, the ratio of ON/OFF devices in ON mode. The
dynamic model of ω is formulated in (1), where Pm and Pe
denote the mechanical power and electrical power output of
the generator, H is the time constant related to the inertia and
D is the damping coefficient of the generator. ω0 denotes the
nominal machine speed [7].

ω̇ = 1

2H
(Pm − Pe − D(ω − ω0)) (1)

Assuming line losses are neglected, the real power balance
at the generator bus is (2), where the electrical power output Pe
equals the summation of the non-responsive load Pd and the
responsive load Pr. PTotal

r denotes the capacity of all ON/OFF
devices in the system.

Pe = Pd + rPTotal
r (2)

Depending on the response mode, under-frequency or over-
frequency, the dynamic models for r are different.

1) Under-Frequency Mode: In the under-frequency mode,
the discrete form of r transition is (3). The slope of r can
be approximated by rt+1−rt

�t in (4). Taking the slope as the
derivative, the dynamic model of r can be obtained in (5).

rt+1 = rt(1 − α) (3)
rt+1 − rt

�t
= −αrt

�t
(4)

ṙ = −αr

�t
(5)

2) Over-Frequency Mode: In the over-frequency mode, the
discrete form of r transition is (6). The slope of r can

Algorithm 1: S-DSM Controller Aggregated
Performance
1 for Every �t seconds do

Input: ft, rt
Output: rt+1

2 if ft < f0 then
3 Under-frequency mode triggered:
4 · Reduce load by turning off an α portion of
5 water heaters in ON mode.
6 · Update: rt+1 = (1 − α)rt
7 end
8 if ft > f0 then
9 Over-frequency mode triggered:

10 · Increase load by turning on an α portion of
11 water heaters in OFF mode.
12 · Update: rt+1 = rt + (1 − rt)α
13 end
14 if ft = f0 then
15 Neither mode is triggered:
16 · Maintain current operation status.
17 · Update: rt+1 = rt
18 end
19 end

be approximated by rt+1−rt
�t in (7). Taking the slope as the

derivative, the dynamic model of r can be obtained in (8).

rt+1 = rt + (1 − rt)α (6)
rt+1 − rt

�t
= (1 − rt)α

�t
(7)

ṙ = (1 − r)α

�t
(8)

Let x = [ω r]T be the state vector, the matrix form of the
system dynamic model in under-frequency mode and over-
frequency mode can be obtained in (9) and (10) respectively.

ẋ =
[

− D
2H −PTotal

r
2H

0 − α
�t

]
x +

[
Pm−Pd+Dω0

2H
0

]
(9)

ẋ =
[

− D
2H −PTotal

r
2H

0 − α
�t

]
x +

[
Pm−Pd+Dω0

2H
α
�t

]
(10)

It can be observed that the transition matrix is the same for
both modes, and the eigenvalues are λ1 = − α

�t and λ2 = − D
2H .

Considering α,�t, D, and H are all positive real numbers,
both eigenvalues are negative real numbers. Hence, the system
must be stable and critically damped, proving the convergence
of Algorithm 1.

C. Steady-State Frequency

In this section, we will prove that the system frequency
is converging to either a small bound near the nominal
value or strictly at the nominal value in the steady state
under two settings of the probability threshold, i.e., con-
stant α and dynamic α. We recommend the dynamic α
in real-world implementations for its superior converging
performance.

1) Constant α: The steady-state is obtained where ẋ = 0.
For machine speed, the steady-state solution ωss can be
obtained in (11) from (1), where rss, the steady state solution
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Fig. 2. Performance comparison.

TABLE I
SIMULATION PARAMETERS

of the ratio of devices in ON mode, determines the frequency
deviation in steady state.

ωss = ω0 + Pm − Pd − rssPTotal
r

D
(11)

In under-frequency response mode (5), rss = 0; in over-
frequency response mode (8), rss = 1. Consequently, the

frequency deviation is bounded by [2π
Pm−Pd−PTotal

r
D ,2π

Pm−Pd
D ].

2) Dynamic α: To eliminate the steady-state frequency
deviation caused by constant α, ω is expected to converge
to the nominal value ω0, while r converges to its steady-state
solution as well. Thus, a dynamic α that satisfies the criterion
in (12) is needed.

lim
ω→ω0

ṙ = 0 (12)

Considering α is the coefficient in (5) and (8), the
criterion (12) is satisfied for both modes as long as (13) holds.

lim
ω→ω0

α = 0 (13)

Here we select the absolute error function in (14) to
formulate the dynamic α, where k is a constant coefficient
that adjusts the scale. Note that the formulation of dynamic α
is not unique.

α = k|ω − ω0| (14)

III. CASE STUDY

To validate the performance of the proposed S-DSM
controller, a case study of frequency regulation using grid-
integrated water heater (GIWH) units is performed. The
parameters used in the transient simulation are summarized

Fig. 3. Typical switching and temperature profiles under scenario (c) with
dynamic α.

in Table I. PWH denotes the average power of a GIWH unit.
The simulation resolution is 0.01 seconds and is performed in
MATLAB on a desktop computer with a 4-core 3.2 GHz CPU
and 16 GB RAM.

Three test scenarios with 1800, 2100, and 2800 GIWH units
are considered. Half of the GIWHs are initially ON, and their
water temperatures are randomly selected within the normal
operating range, i.e., 50◦C ∼ 60◦C. The linear approximation
temperature dynamic model from [8] is used. At time 1s, a
transient occurs when the non-responsive load Pd increases
by 0.1 p.u.

Fig. 2 shows the performance of benchmark, constant α,
and dynamic α controllers under the three scenarios. The
benchmark method is a local controller with time-varying
dead bands and randomized response time [6]. All three con-
trollers achieve the same steady-state frequency at different
convergence rates under the lowest GIWH penetration level
(insufficient to restore frequency to 60 Hz). At higher penetra-
tion levels, the benchmark and static α controllers experience
oscillations, while the dynamic α controller maintains critical
damping convergence to 60 Hz.

Fig. 3 shows two typical ON/OFF switching and tempera-
ture profiles under scenario (c) with dynamic α. Temperature
is well maintained while the system frequency is converging.
Profile 2 represents devices that are switched 3 times, but this

Authorized licensed use limited to: University of Central Florida. Downloaded on August 27,2025 at 17:56:13 UTC from IEEE Xplore.  Restrictions apply. 



4144 IEEE TRANSACTIONS ON SMART GRID, VOL. 14, NO. 5, SEPTEMBER 2023

Fig. 4. Distribution of the number of switching.

Fig. 5. A sensitivity study on k.

is only a small portion. Indeed, Fig. 4 shows the probability
distribution of the number of switching, where only 0.18%
devices are switched three times within 10 seconds, indicating
that frequent switching rarely occurs.

Parameter sensitivity is also studied, specifically, the
coefficient k that determines the probability of being selected
in dynamic α. Fig. 5 suggests that a larger k leads to a faster
convergence rate. Note that increasing k also increases the
chance of over-response, and hence a careful design of k needs
further investigation in our future work.

IV. CONCLUSION

In this letter, a novel stochastic controller is proposed for
primary frequency regulation using ON/OFF devices. The
convergence of the S-DSM controller performance is proved,
and the steady-state frequency reaches the nominal value with
a dynamic probability threshold. The proposed controller is a
local controller that requires no communication infrastructure.
In addition, it can be easily plugged into existing devices and
work seamlessly with the internal controls. Simulation results
validate the frequency convergence using grid-integrated water
heater units while maintaining their functionality without fre-
quent switching. In future work, more efforts will be focused
on control parameter design. This work will also be expanded
to cover new types of devices.
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