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Abstract. In this paper, a novel frame work of reinforcement learning
for continuous time dynamical system is presented based on the Hamil-
tonian functional and extreme learning machine. The idea of solution
search in the optimization is introduced to find the optimal control pol-
icy in the optimal control problem. The optimal control search consists
of three steps: evaluation, comparison and improvement of arbitrary ad-
missible policy. The Hamiltonian functional plays an important role in
the above framework, under which only one critic is required in the adap-
tive critic structure. The critic network is implemented by the extreme
learning machine. Finally, simulation study is conducted to verify the
effectiveness of the presented algorithm.
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1 Introduction

The centerpiece of the optimal control problem of dynamical systems falls into
the solution of the Hamilton-Jacobi-Bellman (HJB) equation [3, 7]. For the linear
dynamical system, the HJB equation reduces to the Riccati equation, which is
quadratic in the solution [2]. For the nonlinear dynamical system, the HJB equa-
tion is a nonlinear partial differential equation, of which the analytical solution
is generally not available. Therefore, it is necessary to develop efficient method
to solve the HJB equation.

Since the exact solution of the HJB equation is difficult to obtain, there are
many works focus on solving the HJB equation approximately. [6] developed an
iterative approach to solve the Riccati equation for the optimal control problem
of linear dynamical systems. Similarly, [11] solved the HJB equation for nonlin-
ear systems in a successive way. Another kind of method to solve the optimal
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control problem of dynamical systems is called approximate/adaptive dynamic
pro-gramming (ADP) [14] or adaptive critic designs [10], which consists of three
networks: the model network, the critic network and the action network. Since
then, ADP has attracted many attentions. [13] developed on-line implementation
for ADP. [15] analyzed the finite error property of ADP implemented by neural
networks (NNs). [9, 5] introduced the idea of off-policy reinforcement learning to
ADP. Also, ADP has been extended to discrete-time systems in [8, 17], complex
valued nonlinear systems in [12].

Inspired by [16], the idea of the solution search method in the optimization
problem is introduced to find the optimal control policy for the optimal control
problem. Consider the unconstrained optimization problem min

x
F (x), where X

is the decision space. Denote xk as the current estimate of the optimal decision
x∗ = arg min

x
F (x). In order to get a better successive estimation xk+1 which

satisfies F (xk+1) < F (xk), the condition 〈xk+1 − xk,∇F (xk)〉 < 0 is required.
Similarly, the optimal control can be search in the admissible control set as the
following frame work solution search problem can be split into the following
steps:

– To build a criterion that evaluates an arbitrary admissible control uk(·), i.e.
calculate the corresponding cost J(uk(·));

– To establish a rule that compares two admissible controls;

– To design a successive control uk+1(·) with a better cost J(uk+1(·)), depend-
ing on the previous steps and current admissible control uk(·).

Steps one and three are identical to the policy evaluation and policy improve-
ment in policy iteration. Essentially, the framework above reinterpreted policy
iteration from the perspective of optimization. About the critic network train-
ing, the Hamiltonian-driven ADP is implemented by extreme learning machine
(ELM) [4].

The reminder of the paper is organized as follows. Section 2 gives the prob-
lem formulation. The Hamiltonian-driven framework is discussed in Section 3.
The neural network implementation of the Hamiltonian-driven ADP by extreme
learning machine is given in Section 4. Simulation studies for linear systems are
presented in Section 5. Section 6 gives the conclusions.

2 Problem formulation

This paper considers the stabilizable time-invariant input affine nonlinear dy-
namic system of the form:

ẋ=f (x) + g (x)u (1)

where x ∈ Ω ⊆ Rn is the state vector, u(·) ∈ Rm is the control policy, f(·) ∈ Rn

and f(·) ∈ Rn×m are locally Lipschitz functions with f(0) = 0. x(t0) = x0 is the
initial state and Ω is a compact set in Rn.



The optimal control problem is to find a policy u∗(x) that minimizes the
cost:

J (u (·) ;x0) =

∫ ∞
t0

L (x, u) dt (2)

where the scalar utility function L(x, u) is differentiable and satisfies L(x, u) ≥
0, for ∀x, u. In this paper, L(x, u) is chosen as L(x, u) = Q(x) + ‖u‖R, with
‖u‖R = uTRu. Q(x) is a positive semidefinite function and R is a symmetric
positive definite matrix. J(u(·);x0) can be viewed as a cost functional of policy
u(·) starting from state x0, which is an evaluation of the given policy.

The following definitions are required for the following discussions.

Definition 1. The control function is called admissible control if it satisfies:

– u(x) is continuous and u(0) = 0;
– u(x) can stabilize the modified nominal system;
– the cost functional (2) is finite for ∀x0 ∈ Ω.

Definition 2. Define the Hamiltonian functional of a given admissible policy
u(·) as

H (u;x, V (x)) = L (x, u) +

〈
∂V

∂x
, ẋ

〉
(3)

where 〈·, ·〉 denotes the inner product between two vectors of the same dimension.

In (3), both state x and the value function V (x) should be viewed as parameters
of the Hamiltonian.

Based on the Hamiltonian, a sufficient condition of optimality for optimal
con-trol problems centers on the HJB equation [3, 7]

0 = min
u
H (u;x, V (x)) (4)

Assuming that the minimum on the right-hand side of (4) exists and is unique,
then the optimal control is

u∗ (x) = −1

2
R−1gT

∂V ∗

∂x
(5)

Inserting this result into (4), an equivalent formulation of the HJB equation can
be found

0 = Q (x) +

〈
∂V ∗

∂x
, f (x)

〉
− 1

4

[
∂V ∗

∂x

]T
gR−1gT

∂V ∗

∂x
(6)

Note that the optimal control policy (5) depends on the solution of the HJB
equation (4). However, solving the HJB equation is challenging since it is a non-
linear PDE, quadratic in value function gradient, and does not have an analytical
solution for general nonlinear systems. In the next section, Hamiltonian-driven
ADP with convergence proofs is developed to approximate the solution of HJB
equation iteratively.



3 Hamiltonian-driven ADP

In this section, a novel framework of ADP to find the optimal control policy of
the optimal control problem in the previous section will be described.

3.1 Evaluation step

As shown in Section 1, the first step in the Hamiltonian-driven ADP is to set an
evaluation for a given admissible policy.

Let r = u+ 1
2R
−1gT ∂V ∗

∂x , then the Hamiltonian functional can be rewritten
as

H (u;x, V (x)) = Q (x) +

〈
∂V

∂x
, f (x)

〉
+ rTRr − 1

4

[
∂V

∂x

]T
gR−1gT

∂V ∗

∂x
(7)

Therefore, the Hamiltonian functional is quadratic in the control policy u(·).
From (2), it can be seen that the cost functional depends on the state trajectory.
However, there is no closed-form solution of the general nonlinear dynamic sys-
tem (1), which makes the calculation of the cost functional difficult. Therefore,
an equivalent formulation to the cost functional which does not depend on the
state trajectory is introduced as follows.

Definition 3. The positive definite continuously differentiable scale-valued func-
tion V (x) is called the value function of system (1) if it satisfies{

H (u;x, V (x)) = 0,∀x ∈ Ω
V (x (∞) ;u (·)) = 0

(8)

The equation in (8) is called generalized HJB (GHJB) equation in [2]. The
value function in (8) does not depend on the state trajectory. The equivalence
between the value function in (8) and the cost functional in (2) is formulated as
the following lemma.

Lemma 1. [2] Assume that x(t) is the state trajectory of system (1) when an
admissible policy u(x) is applied. Assume further that there exists a positive
definite continuously differentiable function V (x) that satisfies (8). Then the
value function V (x) is equivalent to the cost functional J(u(x)) in (2).

Lemma 1 shows that the Hamiltonian plays an important role in the calculation
of the value function V (x) with respect to an admissible policy u(x), as demon-
strated in Fig. 1. The horizontal and vertical axes represent the set of admissible
policy and the Hamiltonian respectively. Given an admissible, the value function
is the one that make the Hamiltonian identical to 0 for ∀x ∈ Ω.
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Fig. 1. The system trajectories of x1(t) (left) and x2(t) (right).

3.2 Comparison step

In this subsection, the second step of the Hamiltonian-driven ADP is introduced.
In the previous section, the Hamiltonian helps to evaluate a given admissible
policy. Here, in order to compare the performance of two different policies, some
other aspects about the Hamiltonian functional is studied.

Consider the Hamiltonian in (7), then the minimum of the Hamiltonian func-
tional can be written as

h = min
u
H (u;x, V (x))

= Q (x) +
〈
∂V
∂x , ẋ

〉
− 1

4

[
∂V
∂x

]T
gR−1gT ∂V

∂x

(9)

and the control that attains the minimum in (9) is

u = min
v
H (v;x, V (x)) = −1

2
R−1gT

∂V

∂x
(10)

Based on (9) and (10), the second step of the Hamiltonian-driven ADP can be
described as the following lemma.

Lemma 2. [16] Let ui(x) be two different admissible policies, with correspond-
ing value functions Vi(x). Denote the minimum of the Hamiltonian as hi =
min
u
H (u;x, Vi (x)) , i = 1, 2, ūi = − 1

2R
−1gT ∂Vi

∂x , i = 1, 2 and di = ‖ūi − ui‖ , i =

1, 2 . Then the following conditions hold:

1) hi ≤ 0, i = 1, 2;
2) h1 ≤ h2 → V1 (x) ≥ V2 (x) ,∀x ∈ Ω;
3) d1 ≥ d2 → V1 (x) ≥ V2 (x) ,∀x ∈ Ω;

In Lemma 2, the minimum of the Hamiltonian and the control policy that
achieves the minimum is crucial to the comparison problem. Similar to Lemma
1, Lemma 2 can be illustrated in Fig. 2, where the Hamiltonian is identical to 0
along the state trajectory, as shown by the intercept of the Hamiltonian curve
with the horizontal axis. We then investigate the properties about the minimum
of Hamiltoni-an to compare the performance.



3.3 Improvement step

Fig. 2. Admissible policy comparison. Fig. 3. Improvement of an admissible pol-
icy.

In the previous section, Lemma 2 only describes the comparison between two
admissible policies. However, it does not provide the explicit expression of the
improved policy when given an admissible policy. In this section, the third step
of the Hamiltonian ADP is discussed.

When given an admissible policy, the improved policy can be expressed by
the following Lemma.

Lemma 3. [16] Suppose the admissible policy sequence {ui(·)} and the corre-
sponding value function sequence {Vi(·)} satisfies the GHJB equation in (8).
Suppose further that the policy sequence is generated by the following relation-
ship:

ui+1 = −1

2
R−1gT

∂Vi (x)

∂x
(11)

then: (i) the value function sequence {Vi()} is non-increasing; (ii) both the value
function and the policy sequences {ui()} converge to the solution of the HJB
equation.

Note that Lemma 3 is a special case of Lemma 2. The improved policy is the
policy that attains the minimum of previous Hamiltonian functional, as shown
in Fig. 3.

4 Hamiltonian ADP Structure

In this section, the implementation details and network structure of the Hamil-
tonian-driven ADP is illustrated.
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Fig. 4. The system trajectories of x1(t) (left) and x2(t) (right).

As shown in Fig. 4, there is only one critic in the Hamiltonian-driven ADP.
The critic outputs the value function gradient. Since the Hamiltonian of a given
policy is required to be identical to 0, the norm of the Hamiltonian is the ob-
jective to be minimized for the critic network training. According to Lemma 3,
the optimal control policy can be obtained by successive minimization of the
Hamiltonian. Therefore, the Hamiltonian is the target to be minimized for the
action network training.

In contrast to the adaptive critic structure for the optimal control of discrete-
time dynamical system, there is only one critic network. Therefore, the critic
network can be implemented by the ELM due to its fast training speed. In [1],
the critic is implemented by the neural network with polynomial basis. However,
the order of the value function and the value gradient is usually unknown for
general nonlinear systems with admissible policy. Due to the uniform approxima-
tion ability of ELM with random neurons has [4], the Hamiltonian-driven ADP
with critic network implemented by ELM can approximate the value gradient
in the probabilistic meaning. This is the motivation to introduce ELM into the
Hamiltonian-driven ADP.

5 Simulation

In this section, the presented Hamiltonian-driven ADP with critic network im-
plemented by the ELM is applied to the linear quadratic regulator problem.
Consider the linear system[

ẋ1
ẋ2

]
=

[
0.5 1.5
2 −2

] [
x1
x2

]
+

[
4
1

]
u (12)



with the utility function r(x, u) = x21 + 2x22 + 0.05u2. The initial state is x0 =[
−1 2

]T
. The initial policy u = −2x1 + x2 is obtained by the pole placement

technique. Since the value function of the linear system is quadratic, the opti-
mum condition results in the Riccati equation [7]. Solving the Riccati equation,

the optimal value function V ∗ (x) = xT
[

0.0623 −0.0337
−0.0337 0.3141

]
x and the optimal

control u∗ (x) =
[
−4.3069 −3.5852

]
can be obtained.

Using the presented Hamiltonian-driven ADP with random neurons in the
critic network, the system trajectories in each iteration is shown in Fig. 5. It can
be seen that the approximated optimal control result is very close to the optimal
control.
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Fig. 5. The system trajectories of x1(t) (left) and x2(t) (right).

6 Conclusion

A novel frame work of ADP based on the Hamiltonian for continuous time dy-
namical system is presented based on the Hamiltonian functional and extreme
learning machine. The Hamiltonian based framework can be another interpre-
tation about ADP from the view of optimization. The Hamiltonian-driven ADP
consists of three steps: evaluation, comparison and improvement of the admis-
sible policy. The Hamiltonian functional plays an important role in the above
framework. With the Hamiltonian functional, only one critic is needed in the
adaptive critic structure. The critic network is implemented by the fast and effi-
cient ELM. A simulation is conducted to verify the effectiveness of the presented
algorithm at the end.
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