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1 Abstract

The increasing popularity of Electric Vehicles (EVs) in the distribution grid
along with technological advancement in EV electronics such as vehicle to grid
(V2G) technique has enabled them to participate in grid ancillary services. To
achieve this, the EVs need to establish a contract with third-party aggregators
and connect to a charging unit, either residential or commercial. At any time
they are connected, the EVs can decide to take part in the ancillary services pro-
gram offered to them by the aggregators. If agreed, the aggregators will use the
EVs as a power source capable of charging/discharging power according to the
input signal, and in return, they will be compensated. This inter-temporal na-
ture of charging/discharging is also transforming the traditional optimal power
flow (OPF) problem into a dynamic OPF problem. This chapter aims at de-
veloping a multi-layer time-dependent optimization algorithm to utilize EV po-
tential and provide ancillary services while maximizing its utilization function.
Specifically, in the upper layer, an autonomous distributed ADMM algorithm is
developed to optimize the cost for charging/discharging EVs while using them
to regulate the voltage at each bus in the distribution grid. The distributed
ADMM algorithm is also expanded to the lower layer where the individual EVs
active and reactive power is controlled for voltage regulation while maintaining
the desired state of the charge of the vehicle at the end of the charging period.
The effectiveness and performance improvement of the proposed multi-layer al-
gorithm is illustrated through analytical analysis and simulation results.

2 Introduction

Over the last decade, we have witnessed a massive surge of Electric Vehicle
(EV) users in our community. Regular working people are buying EV as their
primary vehicle due to the push from the government for a ”green” earth and



reduce greenhouse gas emissions. It became more lucrative when leading au-
tomotive industries paid their attention to developing charging infrastructure,
upgrading battery capacity, and have vehicle models at a reasonable price [1].
Due to these reasons, EV sales in the United States have tripled between 2014
and 2018 [2]. As a consequence, there is a large number of EVs connected to the
distribution grid which is causing substantial degradation in efficiency and reli-
ability of the distribution power grid [3]. The authors in [4] and [5] showed that
the charging of a large number of EVs at the same time puts additional strain on
the grid and contributes to many negative effects such as increased distribution
energy losses, voltage deviation, and overload of distribution network lines and
substations. But not all are bad with EVs in the distribution grid as EVs can
be used as a valuable resource that can be controlled to benefit the gird [6]. We
can use EVs as a flexible grid-connected energy resource and to effectively use
its full potential, EVs can be controlled to not only charge but also to discharge
and return energy to the grid [7]. To this end, we will develop a multi-layer dis-
tributed Alternating Direction Method of Multiplier (ADMM) algorithm which
can handle dynamic EV constraints like the state of charge (SOC) to optimize
and control EVs in the grid to properly utilize them for voltage regulation and
at the same time, ensure that they are compensated by maximizing their utility
function and have desired state of charge at the end of their charging period.
To analyze multi-layer distributed ADMM, one must understand the basics of
original ADMM which is presented in section 2. In section 3, we introduce the
developed distributed ADMM algorithm and discuss its convergence properties.
In section 4, we formulate a problem of voltage deviation minimization and
EV utility maximization for a distribution system network with EV penetration
and implement the proposed algorithm and present some simulation results to
illustrate the results. And finally, we conclude the chapter in section 5.

3 Alternating Direction Methods of Multipliers:
An Overview

Let us consider the problem below [§]

min - f(z) +g(2)

T,z

s.t. Az + Bz =c (1)

where variables x € R™ and 2 € R™. A € RP*", B € RP*™ and ¢ € RP
are the matrices and vector in the linear constraint. We will assume f and
g are convex and differentiable and that their gradients are locally Lipschitz.
The problem can be thought of as a general convex linear equality-constrained
problem except for the fact that the main optimization variable has been split
into two parts, namely x and z in this case, with objective function separable
across this splitting, and thus the algorithm is distributed in nature. As with
any primal-dual convex optimization, we form the Lagrangian as follows



Ly(z,2,y) = f(2) + 9(2) +y" (Az + Bz —c) + g||Ax +Bz—d3. (2)

The Lagrangian in this case is called the ” Augmented Lagrangian” due to the
fact that an additional penalty term with multiplier p > 0 is added to the
objective function. The problem is solved using ADMM with the following
iterations:

gt = arg mian(ﬂc, Zka yk) (3a)
21 .= argmin Lp(wk+17 Z7yk) (3b)
Yy = yF 4 p(Ad T 4 B ) (3¢)

The ADMM algorithm consists of a x-minimization step (3a), followed by a
z-minimization step (3b) and a dual variable update (3c). The primal variables
x and z are updated in an alternating fashion thus the name ”alternating di-
rection”. The ADMM algorithm of this type can only deal with static linear
constraints but falls short when the constraint becomes dynamic in nature. This
is very true when we deal with a distribution network with EV penetration since
EV itself has a State of Charge (SOC) parameter which is dynamic in nature
and evolves with time. To tackle the problem of this nature, in the next section,
we will develop our proposed ADMM algorithm with dynamic constraints in the
continuous-time domain.

4 A Distributed Multi-Agent Networked ADMM

In this section of the chapter, we develop a continuous-domain real-time ADMM
algorithm with a dynamic constraint that can be implemented to a broad class
of networked multi-agent distributed optimization and control problems.

4.1 Networked Multi-Agent System

Let us consider a networked multi-agent system which is characterized by a
bidirectional graph G = (N, £) where N' = {1,2,---, N} is the number of agents
and & represents the set of edges between them. Also, let node 1 be the virtual
leader of the network which means, through the communication network, node
1 can obtain the information of all the nodes in the network if necessary. We
can define the network interconnection with the following binary matrix [9]:

1 1 1
1 1 SoN

S = : - (4)
1 SN2 1



where s;; = 1 if and only if (i <+ j) € &, and s;; = 0 if otherwise. That
means that if agent ¢ can communicate with agent j and vice versa, we have
an entry of 1 in the position (7, ) in the communication matrix. The matrix
S has 1 in the diagonal as every agent knows its information. We assume that
the communication matrix S is irreducible, i.e., the communication graph is
strongly connected.

-—————— » Comm. line
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- -

-

Figure 1: A networked multi-agent system with both physical and communica-
tion layer

Figure 1 shows the network of multi-agent system. The agents can be connected
physically as we will see in the next subsection and it will also be required when
we implement the algorithm in a power distribution system.

4.2 Distributed Dynamic ADMM

In this subsection, we will formulate a distributed networked multi-agent prob-
lem with a dynamic constraint. The work in [10] formulated a similar kind
of problem without the dynamic constraint and the solution with convergence
proof was provided in the discrete-time domain. In this chapter, we will add a
dynamic constraint and tackle the problem in the continuous-time domain.

Consider the following distributed optimization problem:

min »  fi(y:)

ieEN



s.t.
> Az =0, VieN; yi=z; VieN,jeN,
JEN;
&y = Fi(z) + Gi(xi)ug, v = Hi(w;),
where

e z; € R™ is the state of the ith agent
e y; € Rl is the output of the ith agent

filyi) : R —€ R is the objective function of agent i

e u; € R™i is the control (or decision variable) vector.

e A;; are constant matrices of appropriate dimension.

We assume that the functions f;(y;) are convex and differentiable, and their gra-
dients are locally Lipschitz. In the above problem, y and z are the two primal
variables used in the original ADMM. The matrix A;; represents the physical
interconnection between the agents as shown in figure 1. To tackle the problem,
let us define the following design principles:

(i) Let
where local feedback control U; is designed so that subsystem of z; is input-to-
state stable and that, if w; — ¢; for any constant ¢;, y; — ¢;.

(ii) Input w; is chosen as the ADMM law.

(iii) Using the communication matrix S, let us also define a gain matrix D
whose values are calculated according to the following equation:

5i58i;
D =[dy] e RNV gy = 20— (5)
! ! leil siBa

where B;; > 0 are piecewise-constant scalar gains. The matrix D is a non-
negative, row stochastic and diagonally positive matrix.

With the above design principle, we can redefine the optimization problem as
follows:

min Y fily) (6a)

' ieN
st. > Ayzi=0  JEN iEN (6b)
JEN;
Vi = 2ij jeEN;,ieN (6¢)
; = Fi(x;) + Gi(z;)uy (6d)
u; = Ui(2;) + w; (Ge)



Now we can form the so called augmented Lagrangian as follows:

L(u, z,\) ZL Ui, Zijy Nij) (7)

iEN

L= filo) + X oG = i) + s = 1P
JEN;

It should be noted that only the consensus constraint (6¢) is used in the aug-
mented Lagrangian since it is the only constraint that contains both the primal
variables. The rest of the constraints are taken into account while solving the
individual sub-problems. Also, the penalty parameter term in the augmented
Lagrangian is replaced with entries d;; from the D matrix defined in the de-
sign principle [10]. This enables the penalty term to conform with the actual
interconnection of the agents. Because of this reason, the dual variable X is also
scaled by the d;; term. The augmented Lagrangian (7) is solved using ADMM
by solving the following sub-problems in an alternating sequential manner:

1. For any i € N, w; is updated according to

w; = argmin L(y, 27, A) (8)
x; ER™

2. For any i € N and for j € NV;, zj; is solved as

Zj =argmin L(y, z, \) 9)
zji€ERN

JEN;

3. For any ¢ € N and for j € N;, Aj; evolves as

\ji = argmax L(y, 2, \) (11)
Aji€R™

where 2~ £ z(¢7) is the immediate past solutions to the problems of (10). We
use the delayed version of z to mimic the alternating behavior of the ADMM
algorithm. Using the convex properties and techniques from [10], we obtain
the continuous-time dynamics including dynamic constraints for the solution of
sub-problems (8) - (11) as follows:

Gi o= o [V fiy) + Y dihig + Y dig (& — z;;) (12a)
JEN; JEN;
i = —oul—dijhji — dji(&; — 20) + Al (12b)
pi = w; Z Aijzji (12¢)
JEN;
i = dji(&G — i) (12d)



where p; is the dual variable associated with the constraint (10) of z-minimization
sub-problem. The variable &; is replacing w; in all the dynamics equations which
is to be designed using the passivity-short framework [11]. Let us also define
the error states as &; = e; — e} where e = {u;, 2;j, Aij, fti, Ti, yi p. With this, the
error dynamics are given as

@i = =0 [(Vy, iyi) = Vo L) + D dighig + Y di(& — 5;) | (13a)

JEN; JEN;
Zji = —ail=djidji — dji(§ — Zji) + Ayl (13b)
i =wi Y AiZi (13c)
JEN;
Nji = i) — Z0). (13d)

We present theorem 1 below which shows that the error state dynamic equations
(12) obtained converges to the optimal solutions.

Theorem 1: Consider the statically and dynamically constrained optimiza-
tion problem (6). Suppose that U; is designed such that, for constant matrices
C1, there is an individual positive definite Lyapunov function Vi, (z4,w;) satis-
fying the following inequality:

T

(V2 Vi ()] [Fule) + Gl + Culw] + [V Vitwswi)]

T
< - Z’%‘Hwi — Cazi||*+ Z(wi = Cuzi) | wi+ (yi — vi)w; (14)
l ]

Then, continuous-time ADMM algorithm (13) with
&=vi+ Y (wi—Cuzi)
l
18 globally convergent to the optimal solution.
The proof of the theorem is provided in the Appendix at the end of the chapter.

Using the set of dynamic equations (12), we will be solving the distribution grid
problem with EV penetration in the following section.

5 Dynamic ADMM Application

In our proposed approach, we have divided the distribution system into three
separate layers. On the top layer is the Distribution System Operator (DSO)
who is in charge of the overall distribution grid. The DSO is responsible for



maintaining optimal power flow in the grid as well as maintaining system pa-
rameters like voltage within the desired tolerable range. In the next layer, we
assume the existence of a third party entity, generally termed as the aggre-
gator in the literature, which collects EV information at each node and can
also send/receive input/output signals. And in the final layer, we have all the
consumers with the EVs who agree and signs a contract with the aggregators,
allowing them to use the EVs for grid services in exchange for financial compen-
sation. We assume at any instance of time, if the EV owners permit through
the contract, aggregators can gather information on EV’s active and reactive
power injection at each bus through the existing sensor network between them
in real-time. Figure 2 shows the structure of the multi-layer distribution grid
and the associated variables which are defined in the next sub-section.
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Figure 2: The multi-layer representation of distribution grid with associated
variables

5.1 Branch Flow Model

For the branch flow model, consider a radial distribution network by a directed
graph G = (N, &) where N := {1,---, N} represents the set of buses and &
represents the set of distribution lines connecting the buses in A/. Without any
loss of generality, the substation of the radial network is indexed by 1. Each
node ¢ € N\ 1 has an unique parent node I'; and a set of children nodes, de-
noted by C; as shown in figure 3. We assume each directed line points towards
its children, i.e., power flows from parent I'; to node 1.

For each bus i € N, let N; bet the set of neighboring nodes including node i
and its parent, i.e., N; = T;U{i}UC;. Also, let V; be its voltage with Py, +jQq,
being the load demand and p; + jg; is the aggregated active and reactive power
injection by the EVs. For the branch I'; — 4, let I; be the current flowing
through it with Rr,; + jXr,; being the impedance of the line and Pr,; + jQr,:
being the complex power flowing from the parent I'; to node 4. For bus i € N,
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Figure 3: A distribution network.

the power balance equations are given as

PFii =p; + Pdi + Z(Pw + R”l”) ieEN (15&)
JEC;

Qrii= ¢+ Qu, + Y (Qij+ Xijlyy)  i€N (15b)
j€C;i

where [;; = I? is the square of current magnitude which is defined as

2 2
P + Q3

Vi

lij = (16)

where v; = V;? is the square of the voltage magnitude. Equation (16) is a non-
linear equation which can be linearized around current operating point PZ, Q9

150 %igs
vy and [7; as below:

2Py 20y (Py)? +(@3)?
Lij =17 = To](Pij - P7)+ T(,](Qij - Q7)) — W(% —v7) (17)
The power flow on all lines (i, j) € £ are expressed as

V; — U = 2(RijPij + XijQij) + (R?j + X?j)lij (18)

5.2 EV Parameters

In our structure, EV owners, who are interested to sign up for grid services, are
connected to aggregators at each node. Thus, The aggregated power of all EVs
connected to node ¢ at time t is



E;
pit) =Y p%,  VieN (19)
n=1

where FE; denotes the number of EVs controlled by the aggregator in charge
of bus i and pf, € {0,pf,,pS" } is the charging/discharging power of EV n.
Let us denote the time of arrival of nth EV as ta,n and departure time as tq .
The EV owner registers this time with the aggregator so that they can be used
in the continuous-domain real-time optimization framework. The nth EV only
charge/discharge itself between this time-frame. Thus we can write:

0 t & [tantdn)
(20)

ev
pi,n -

{Eﬁﬁuﬂffn} t e [ta,vu td,n]

The state of charge dynamics s; , of EV can be represented by the following
first order differential equation:

ev
_ MbDin

5, Bi,n ( )

At the end of the charging period, the EV consumers wants their EVs to be
charged to a specific state of charge, specifically
Sin(tan) = s‘in, ne&, ieN (22)

where sz‘{n is the desired SOC.

5.3 Objective Functions

For the Distribution System Operator (DSO), the objective would be to mini-
mize the generation cost and maintain the voltage close to unity at every bus
over the time horizon, mathematically:

fi(pi,vi) = Ci(ps) + Hi(vi) i €N (23)

where C;(p;(t)) is the cost function for generation production and H;(v;(t)) is
the voltage regulation penalty function.

As for the EV owners, the want to minimize their charging cost and maximize
their utility. Thus we can express their welfare function as follows

V[/v,n(pzeﬁl) = ¢i,npf};z - Uz(pze};z) neé&,ieN (24)

We also have a terminal condition, where at the end of a charging period, the
SOC of the EV should be at the desired SOC, that is

Sim(sg{n) = kin(Sin — sin)2 (25)

where k; , > 0 is the weight on terminal condition.

10



5.4 Problem Formulation

Let us stack all the state variables into a vector w;, that is
T .
wi = [Vis Pis Gis Priis Qryis I0yis i s Qi s Sin) V=11, El,iecN

we also introduce an observation vector zj; which represents the variables of
node j at node 4, that is z;; = [v}, p}, ¢’ Plijj, Q%jj, l%jj,pjzf, g5ty 85T With
these definitions, we can formulate our optimization problem according to the
developed dynamic ADMM as follows :

N E
min SN [@' (Wi)] (26a)
i=1n=1

(26Db)

s.t. Z Aijzii +mi; =0 Vie N (26¢)
JEN;

;= Ai(x;) + Bia)u; (26d)

Yi = Zij (26e)

Yi = w; (26f)

u; = Ui () + w; (26g)

Where ¢1(wz) = Si,n(si,n) —+ fi(pz,"l)l) + Wln(pfﬂl) , Ly = [O 0 O O 0 0 0 0 Si}T

and U;(x;) = 1. Tt should be noted that the objective function is not summed
over time since the problem is solved in real time with continuous-domain dy-
namics where the arrival and departure time can be tackled by the individual
EV dynamics. Based on what agent j represents, the matrix A;; and vector my;
takes the following form:

010 -1 0 0 0 -00-00 -0
001 0 ~1 0 0 -00-00 -0
Aiw=11 0 0 2Rr; 2Xr,; (R:,+X%, 0 0 0 0 0 0
0 0 0 2o 2 -1 0 - 00 -00 -0
[0 0010 Ry 0 00 -00 -0
looo0oo01 0 X; -00-00 -0 -
=10 0000 0 0 -00-00-0] J€G%
(00000 0 0 00 -00 -0
r 0 000000 .-00-00 -0
0 000000 .-00:-00 -0
Aij = -1 000 0 00 00 00 0|, j=T
0\2 o \2
—%000000 00 -00 -0




and m;; = [Pdl de‘ 0 0}T7 mi; = {[0 00 O]T,j S Cl} and mi; = { [0 00 (-

2(PF)? 05 +2(Q5,)

(v9)?

P02+ (P52 —(QF:)? l°>
-1

T

ajeri

Following the procedures developed in section 2 and dynamic equation set (12),
we obtain the following update dynamics for the system

’[)i = —Q4
Di = —Q
4 = —ay
Pf‘ii = —Qy
QFii = —q
l.rﬂ' = —Q;
Pin = —u
Gin = —
Sijn = —Q

where n € [1,-- -,

Vm ¢z Wz

p1 ¢z wz

V4. @i (wi)

3 VPF l¢z wz

VQI‘ 1¢z w;)

Zd”i |

JEN;

+ 3 di N

JEN;

£ dy

JEN;

Z dw[ i (

JEN;

Yt

JEN;

Aij (3) + (4 — qzj"i):|

+ (P — )|

+(@ri — Q%;)”

Vi, 6ilwi) + Y di [/\ij(ﬁ) + (Ir,i — Z%Z)”

V v (j)Z wZ

ev (b’b wl

Sz n

JEN;

3 o

JEN;

3

JjEN;

-3 g

JEN;

12

+(p5Y, — P )”

(af — a7~ ﬂ

(sin — sz;»}]

E;], j € N; and i € N. The zj; is given as

(27a)

(27b)

(27¢)

(27d)

(27e)

(27f)

(27h)

(271)



ot ] - - Mo i _ _
' Aji(1) A (1)
h (2 P =) )
2 )\]1(3) q5 — qj, ,U/z(3)
Pt Aji(4) Prjj = Pry; 11i(4)
Q}‘jj :aidji /\ﬂ(5) + dji QFjj - er‘jj - AZ; ,ui(5)
It Aji(6) Ir,j =I5 14;(6)
-ev,t /\n 7 ev €V, i 7
o ) i e
a5 o a5 — din i
_S;n ] L j"( )- L Sjn — S}m ] _:ui( )_
The dual updates are given as
[f1:(1)] Y1
fi(2) 2{
15(3) j
fii(4) r
Ai5)| = Ay |Or
/:M(G) JEN; l;{j
f25(7) iy
1 (8) @y
A4 (9) ] s ]
[Xi(1)] [ v =]
Aji(2) pj —Pj
Aji(3) %~
Aji(4) Prjj = Pr;
)\jZ(E)) _d_jl erj - Q%Jj
Aji(6) Irjj =I5
Ajn(7) Pin = Pim
Ajn(8) a5 — i
[Ajn(9). L Sjn = Sin

These dynamics were implemented on the IEEE 123 bus distribution system in
a co-simulation with Matlab and OpenDSS. The following tables show the EV
type and EV charging parameter used in the simulation.

In the simulation of the proposed algorithm on the distribution system, we
defined Cj(p;) = af'pi, Hi(v;) = (1 —v;)* and Ui(p§3,) = ap,log(p§y, + 1) and
the parameters of the coefficients were taken from [12]. The price of electricity
was fixed at an average of 15 cents per kWh. We randomly placed 150 EVs
among 40 buses in the system and we fixed that by the end of their charging

13



Table 1: EV charging categories

Charging Max. cur-

method Voltage rent Input power
AC level 1 120 V 12 A 1.4 kW

AC level 2 208 - 240 V 32 A 7.2-19.2 kW
Elg charg= | 400 1000 v | 300 A 50-150 kW

Table 2: EV Types

Brand name Battery capac-
ity

Nissan Leaf 40-62 kWh

Toyota RAV4-EV 41.8 kWh

BMW i3 42.2 kWh

Tesla model 3 75 kWh

Tesla model S 100 kWh

Tesla model X 100 kWh

period, the EV owners want their vehicles to be charged to at least 90% of its
capacity. The value of step-size a; was fixed at 0.01 for all the nodes. We first
ran a base case where the algorithm was not implemented and figured that bus
111,113 and 114 had the lowest voltage in the whole grid. So we observed the
voltages of those 3 nodes after implementing the algorithm and the results are
shown in figure 4a. Figure 4b shows the total amount of active power injection
by the EVs over 5 hours responding to the voltage fluctuations in the grid. We
selected 3 random EVs around node the three selected nodes and plotted their
active power injection and how their SOC evolved which are presented in figure
5a and bb, respectively. The figures shows the arrival and departure time of the
EVs and we can observe that the EVs react to the voltage fluctuations in the
grid and eventually at the end of their charging time, they get their SOC above
90%.

Active power injection vs Time

i 700
0.97 Vo]lage vs T'F'e . ‘ Total EV active power injection
600 -
0.965 - .
0.96 5
= 3 400}
£0.955 o
g &
g £ 300
E 0.95 ©
£ 2001
0.945 L
Voltage of node 111 phase A 100 -
0.94 Voltage of node 113 phase A
Voltage of node 114 phase A 0 L T L L
0.935 0 1 2 3 4 5
0 1 2 3 4 5 Time (hours)
Time (Hours)

(b) Total active power injection by EVs

(a) Voltage at Node 111,113 and 114 into the grid
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EV input power vs Time SOC vs Time
20 : > 1.2 | :
151 1
S 08+
<
= 5f
2 o 06T
2 o o
5 0.4
£
> L
i 0.2
——EV 1 power ol ——EV3S0C
-5 ——EV 2 power ——EV2S0C
EV 3 power EV3soC
20 . . . 02 . . . :
0 1 2 3 4 5 0 1 2 3 4 5
Time (Hours) Time (Hours)
(a) Active power injection by 3 EVs (b) The SOC evolution of the 3 EVs

6 Conclusion

This chapter presents a novel continuous-domain distributed multi-agent ADMM
algorithm with dynamic constraint. In contrast to usual discrete-time iterative
solution techniques where the accuracy and the optimality of the solution de-
pend on sampling and convergence time, the proposed algorithm can solve the
problem in real-time. It is also capable of handling dynamic constraints that
are pretty prevalent in distribution power systems with intermittent energy re-
sources like EVs present. It is proven to converge which is shown using the
Lyapunov direct method and the analytical results were tested on IEEE 123
bus test system. The results obtained are also included for the illustration of
the proposed algorithm.
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Appendix

Consider the following properties of the convex objective function f;(y;):

e The functions f;(y;) is convex and differentiable. In particular, the gradi-
ent of a convex function is a global under-estimator as:

fi(yi) = fi(y;) = Vy: iy ) (@) (28)
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and

Filyp) = filw) > VI filya) (= 50) (29)
Adding the above two inequalities yields
(=Y. fi(ys) + Vi fiy)] 4 < 0. (30)

o The gradient of f;(y;) ( denoted by V,, f(v;)) is Lipschitz, i.e., ||V, f(y:)—
Vy: FyiII< Lillyi — yi||, where [; is Lipschitz constant.

From (30), we get [V, fi(yi) — Vo fi(y;)]" 9 which is positive definite with re-
spect to .

Lemma 1: If the gradients denoted by V,, fi(y;) are locally Lipschitz, the sum

= killeal*—a; [Z €il
! !

is negative definite with respect to €; and y; for small stepsize «; and for all
gain k; > 0 above a certain threshold.

T

Consider the Lyapunov function
1 1
V:§Z 2V; (:vi,wi)+||®¢||2+El|ﬁi||2+ >
i=1 ¢ JEN;

+ay [ o]

Tt follows from (14) that
. N
V<) { S kill@ - Cadil P+ | Y (@i~ Cai)
=1 l 1

T TR 1 . —
+y [T + XN + 2dij[||zij|2—||zij||2}] }
JEN;

N
=2 { — > killws — Cuiil*—a lzwl — Oy
i—1 ] l

— gl Vy, fily) + Y

JEN;
+ 25 [dij:\ij +dij (& — Zij) — AJT,;[M} + dijj\g‘;‘ [éz - éij}

?

1 ~
| PP

T

@ 4§ @i+ i fua

T

Vy, fi(yi)

fiiAjiZi; + & [ — dijhij — dij (& — 5;)}

1 - 1 —
¥ 2dij||zij|2—2dij|zij||2] }
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T
V. filyi) — agi Vy, fi(yi)

- Z { - Zki”wi — Cail[*—a [Zwl — Cu;
! 1

i=1

n.d. according to (31)
LI~ 2Pyl - 2P
o dijllsi ij o dijlisi ij

which is negative definite with respect to (£ — %;;) as well as (£ — Z;;). This
concludes the proof. |
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