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Abstract—In this paper, the problem of operating microgrids
with only inverter-based energy resources is considered, and an
integrated design of grid-forming inverter control is proposed.
The proposed design has three components. The first is a
nominal control designed to track the reference signals of voltage
magnitude and frequency. The second as the primary control
includes the nominal control as the seed and is a Lyapunov-based
state-constrained control designed to ensure that the frequency,
voltage, and power injections dynamically satisfy the operational
constraints while incorporating intermittent renewables. The
third is a subgradient-based cooperative control ensuring that
the inverters cooperatively and collectively meet the loads. Sta-
bility and convergence are analyzed to ensure robust microgrid
operation in terms of various operational constraints.

Index Terms—Cooperative control, frequency regulation, grid-
forming inverter, input-state constrained control, microgrid,
power sharing, subgradient, voltage regulation.

I. INTRODUCTION

MODERN electric power systems are experiencing a
dramatic transformation from a utility-centric architec-

ture to a more distributed structure that heavily integrates 
renewable generation, including both utility-scale wind or 
solar farms and distributed energy resources, most of which 
will be interfaced with the grid by inverters [1]. Hence the 
control of these inverters has become an important problem to 
achieve high efficiency, reliability, and resilience of the future 
power grid. Moreover, it is predictable that the renewable 
energy will gradually replace the power generated from large-
capacity synchronous machines. How to maintain the voltage 
and frequency of an inverter dominated grid? That is the task 
of the grid forming (GFM) inverters [2]–[4].

The control of grid inverters has been studied for years 
and many literature has been reported to have good perfor-
mance. For example, the distributed control that utilizes a 
sparse communication network has been proposed for AC 
microgrids [5]–[8], in which each DG only has access to 
the information of a small number of its neighboring DGs, 
reducing the computational complexity and improving the 
resiliency to faults and unknown parameters [9]. However, 
these approaches have not provided a clear analysis of the 
coupling between active/reactive power injections and the 
voltage magnitude/frequency or a distributed updating law 
with a solid theoretical foundation. In addition, in the existing
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approaches, tracking the references from the secondary control
may violate operational constraints.

In order to address these problems, in this paper we develop
a layered control design with a nonlinear nominal control,
a state/input constrained control, and a subgradient-based
secondary control for grid-forming inverters to dynamically
meet all operational constraints and achieve frequency/voltage
regulation and power sharing.

The remainder of this paper is organized as follows. In
Section II-A we introduce the dynamic model for GFM
inverters and formulate the control design problem. In Section
III we present the nominal control, the state/input-constrained
control, and the subgradient-based cooperative control. Finally
the conclusions are drawn in Section V.

II. PROBLEM FORMULATION

In this section, the microgrid model is introduced, and the
state-constrained control problem is formulated.

A. Dynamic Model

Fig. 1. GFM inverter with RLC filter.

Consider a microgrid that consists of Nb buses and Ng GFM
inverters. Each of the GFM inverters has its circuit schematic
shown in Fig. 1. It is shown in Appendix A that, under
standard assumptions, dynamics of the ith GFM inverter i can
be described by the following nonlinear state-space model:

ẋk = Akxk + Bkuk + Dk, (1)

where xk =
[
z>v,k z>pq,k z>i,k δk

]>
is the state vector

with zv,k =
[
vod,k voq,k

]>
, zpq,k =

[
Pk Qk

]>
, and

zi,k =
[
id,k iq,k

]>
; uk =

[
uv,k uω,k

]>
is the input

vector with uv,k =
[
vd,k vq,k

]>
and uω,k = (ωk − ω0);

yk =
[
Pk Qk ωk Vk

]>
is the output vector, zm,k =



2

[
zio,k zvb,k

]>
is the measurement vector with zio,k =[

iod,k ioq,k

]>
and zvb,k =

[
vbd,k vbq,k

]>
; and

Ak(zm,k, uω,k) =


A11,k 0 A13,k 0
A21,k A22,k A23,k 0
A31,k 0 A33,k 0

0 0 0 0

 ,

Bk =


0 0
0 0

B3,k 0
0 1

 , Dk(zm,k, Vk) =


D1,k

D2,k

0
0

 ,
and submatrices are defined, in Appendix A, from (31) to (32)
and from (35) and (36).

In the state vector, vod,k and voq,k are the terminal voltages
above the capacitor in the RLC filter in the dq-frame, Pk and
Qk are the output active and reactive powers, id,k and iq,k are
the d- and q-axis components of the total current, and δk is
the phase angle. In the control vector, vd,k and vq,k are the d-
and q-axis voltages, and ωk is the frequency, while ω0 is the
nominal frequency. In addition to Pk, Qk and ωk, the output
vector also includes Vk =

√
v2

od,k + v2
oq,k, the output voltage

magnitude. In the measurement vector, iod,k and ioq,k are the
output currents injected into the network, vbd,k and vbq,k are
the voltages at the boundary bus. It is straightforward to verify
using feedback linearization [10] that, for Pk, Qk, and Vk, their
relative degrees are all equal to 2 and that frequency ωk has
zero relative degree.

The microgrid network is modeled by standard load flow
equations. Specifically, let the buses as those in the middle
of the LCL filter of each source, and all the other buses are
eliminated by Kron reduction. The corresponding admittance
matrix for the remaining buses is denoted by Y. Assuming
the loads are constant impedances, the real and reactive power
injections at bus k = 1, . . . , Ng can be written as

Pk = Vk
Ng∑
j=1

Vj
(
Gkj cos(δkj) +Bkj sin(δkj)

)
(2)

Qk = Vk
Ng∑
j=1

Vj
(
Gkj sin(δkj)−Bkj cos(δkj)

)
, (3)

where δkj = δk − δj , and Gkj and Bkj are the real and
imaginary parts of the element in Y.

B. Constraints and Control Objectives

The operational constraints on the input and output are
summarized below: for k = 1, · · · , Ng and for all time (except
for the initial period of grid forming),

vd,k ≤ 1, |vq,k| ≤ εv (4)

P k(t) ≤ Pk ≤ P k(t) (5)

−Qk(t) ≤ Qk ≤ Qk(t) (6)
ωk ∈ [ω0 −∆ω, ω0 + ∆ω] (7)
Vk ∈ [1−∆V , 1 + ∆V ], (8)

where εv > 0 is a design parameter, ∆ω,∆V > 0 is the
maximum tolerance of frequency/voltage derivations (e.g. the

typical value for voltage deviation is 5%), Sk is the apparent

power capacity of inverter i, Qk(t) =

√
S2
k − P

2

k(t), P k(t)
is the upper limit of the real power injection. In other words,
P k(t) represents the instantaneous capacity limit on its DC-
side source, and it may be time varying as PV and other
distributed generation are piece-wise constant (or intermittent).
Typically, P k(t) = 0 for DGs, but it may assume negative
values for storage devices.

The objectives of the proposed control design are fourfold:
1) Establish and maintain voltage magnitude Vi dynami-

cally to satisfy constraint (8) and to adaptively search
for its steady state value V ss

k ∈ [1 −∆V , 1 + ∆V ] for
load sharing;

2) Regulate system frequency according to constraint (7)
and ensure that its steady-state frequency become the
nominal frequency, that is, ωss

k = ω0;
3) Achieve active power sharing among the GFM inverters

through the asymptotic consensus of λPk
;

4) Achieve reactive power sharing among the GFM invert-
ers through the asymptotic consensus of λQk

;
where

λPk

∆
= Pk

Pk
, λQk

∆
= Qk

Qk

. (9)

In order to meet the aforementioned objectives, the follow-
ing assumptions are needed.
Assumption 1: The total load being continuously serviced is
no larger than the total power capacity of all the inverter-based
distributed energy resources in the network.
Assumption 2: The microgrid has a sparse but connected
communication topology for all the GFM inverters, where the
neighboring set of inverter k is denoted by Nk.

Assumption 1 can be achieved by a standard load man-
agement regime. Assumption 2 can be enabled using any
of the existing local communication network technologies.
Both assumptions are common sense and also necessary to
achieve the desired control objectives. And, the proposed
method enables adaptive and robust operation of microgrid
through cooperative and dynamically-constrained controls of
GFM inverters.

III. CONTROL DESIGN

The proposed control has three components: 1) A nonlinear
nominal control design to track the reference signals of voltage
magnitude and frequency; 2) An input-state constrained con-
trol design to modify the nominal control in order to ensure
that the constraints on the input and the state are satisfied
dynamically; and 3) A subgradient-based cooperative control
to adaptively search for the reference signals in optimizing
performance indices that correspond to voltage stability, fre-
quency synchronization and load sharing. This layered control
design ensures the control objectives are met dynamically.

A. Nominal Control Design

The secondary-level cooperative control, to be synthesized
in section III-C, provides a frequency reference signal ωr

k(t)
and a voltage magnitude reference V r

k (t). These two reference
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signals are used to generate the time-domain output voltage
reference signal vr

o,k(t) as

vr
o,k(t) =

√
2V r

k (t) sin
(
ω0t+ δr

k(t)
)
,

where δr
k(t) =

∫ t
0
[ωr
k(τ)−ω0]dτ is the phase angle reference,

and ω0 is the nominal frequency. In turn, the three-phase
voltage reference is given byvr

oa,k

vr
ob,k

vr
oc,k

 =

 V r
k sin

(
ω0t+ δr

k(t)
)

V r
k sin

(
ω0t+ δr

k(t)− 2π
3

)
V r
k sin

(
ω0t+ δr

k(t) + 2π
3

)
 .

Denoting θk = ω0t + δr
k(t), we have the corresponding dq-

frame output voltage reference zr
v,k =

[
vr

od,k vr
oq,k

]>
,

zr
v,k =

2

3

[
sin θk sin

(
θk − 2π

3

)
sin
(
θk + 2π

3

)
cos θk cos

(
θk − 2π

3

)
cos
(
θk + 2π

3

)]vr
oa,k

vr
ob,k

vr
oc,k

 .
The nominal control at the primary level, denoted by ur

v,k

(while ur
ω,k will be chosen at the secondary level and ur

k =[
(ur
v,k)> ur

ω,k

]>
with ur

ω,k = ωr − ω0), aims to make dq-
frame output voltage vector zv,k to track is reference vector
zr
v,k. The result is summarized as lemma 1, and the proof is

included in Appendix C.

Lemma 1. Given any uniformly bounded reference signals
ωr
k and V r

k , the dq-frame output voltage vector zv,k =[
vod,k voq,k

]>
tracks its reference zr

v,k under the nominal
control

ur
v,k =B−1

3,k[−A31,kzv,k −A33,kzi,k − γi,k(zi,k − zr
i,k)

+ żr
i,k], (10)

where γv,k, γi,k > 0 are control gains,

zr
i,k = A−1

13,k[−A11,kzv,k −D1,k − γv,k(zv,k − zr
v,k) + żr

v,k],
(11)

and żr
i,k

can be analytically derived using (1) and (11).
And, all the variables in the state and control are uniformly
bounded.

B. State/Input-Constrained Control Design

If the reference signals to be synthesized in section III-C
meet the steady-state requirements (of frequency and volt-
age convergence), the nominal control ur

k can make the
inverter output voltage and frequency track their corresponding
references but it may not satisfy the real-time operational
constraints specified in (4) up (8). By applying the novel
input/output constrained control design [11], [12], we obtain
the following control in order to ensure real-time dynamic
constraints at the inverter level. Its proof is included in
Appendix C.

Theorem 1. Constraints (4) up (8) are met for all the time
(after the initial grid forming period) if control uk is chosen
through the following real-time quadratic optimization under
linear constraints: for uk =

[
u>v,k (ωk − ω0)

]>
,

arg min
uk

‖uk − ur
k‖2,

subject to the following elementwise inequalities written in the
matrix form:

[
1 0 0

]
uk − 1 ≤ 0,

[
1 0 0

]
uk + 1 ≥ 0,[

0 1 0
]
uk − εv ≤ 0,

[
0 1 0

]
uk + εv ≥ 0,[

0 0 1
]
uk −∆ω ≤ 0,

[
0 0 1

]
uk + ∆ω ≥ 0,

Gkuv,k + Ek ≤ 0, Gkuv,k + Mk ≥ 0,

where ur
v,k is defined by (10), ur

k =
[
(ur
v,k)> (ωr

k − ω0)
]>

,

zpq,k =
[
P k Qk

]>
, zpq,k =

[
P k −Qk

]>
, 1 is a vector of

1s,

F k =

[
A21,kzv,k +A22,kzpq,k +D2,k

Av1,kzv,k

]
,

F ′k =

[
Ȧ23zi,k +A23,kA31,kzv,k
Ȧ23zi,k +A23,kA31,kzv,k

]
, Gk =

[
A23,kA33,k

Av2,kA33,k

]
,

Ek = Ḟ k + F ′k +

[
(β1+β2)żpq,k+β1β2(zpq,k−zpq,k+ε1)

(β3+β4)V̇k+β3β4(Vk−1−∆V +ε)

]
,

Mk = Ḟ k + F ′k +

[
(β1+β2)żpq,k+β1β2(zpq,k−zpq,k−ε1)

(β3+β4)V̇k+β3β4(Vk+1+∆V −ε)

]
,

submatrices are defined in (31) up to (32) as well as (35) up
to (37), and β1, β2, β3, β4 > 0 and 0 < ε << 1 are design
parameters with β2 6= β1 and β4 6= β3.

C. Subgradient-Based Cooperative Control Design

In this section, subgradient-based cooperative controls are
designed to adaptively adjust voltage and frequency reference
signals V r

k and ωr
k and to search for their optimal values. To

this end, we introduce the following objective functions for
the kth inverter:

Lk(V ) =
γk
2

(V a
k − 1)2 +

1

2

∑
j∈N ′k

(λQk
− λQj )2, (12)

L′k(ω) =
µk
2

(ωk − ω0)2 +
1

2

∑
j∈Nk

(λPk
− λPj

)2, (13)

where Nk is the kth inverter’s neighboring set of sensing and
communication, |Nk| is the cardinal number of set Nk,

V a
k = 1

|Nk∪{k}|
∑
j∈Nk∪{k} Vj

is the average voltage magnitude seen by the kth inverter,
µkj > 0 are positive weights, and γk ≥ 1 is a design
parameter. Typically, N ′k = Nk = Nk; and the only cases that
N ′k is chosen to be a subset of Nk are when the microgid
is inherently unbalanced in generation and loads. In those
cases, strict load sharing would not be a good choice because
the microgrid may experience over-voltage and under-voltage
simultaneously as a result of imbalances while microgrid’s
average voltage approaches 1. For those cases, N ′k should
include the nodes in Nk whose voltages have same property
as Vk (in terms of either being no less than 1 or no greater
than 1). As such, coordination of the microgrid is achieved
among several sub-micrgrids.

Choices of V r
k and ωr

k are made to minimize Lk and L′k,
respectively; that is,

min
V r
k

Lk(V ), min
ωr

k

L′k(ω). (14)
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It is apparent that V r
k is to ensure both a desired voltage profile

(with their average at unity) and reactive power load sharing
and that ωr

k aims to achieve both active power load sharing
and frequency synchronization.

It follows that the subgradients of Lk and L′k have the
following expressions:

∇Vk
Lk(Vk) =

γk
|Nk ∪ {k}|

(V a
k − 1)

+
∑
j∈Nk

(λQk
− λQj

)∇Vk
(λQk

− λQj
) (15)

∇ωk
L′k(ω) =µk(ωr

k − ω0)

+
∑
j∈Nk

(λPk
− λPj

)∇ωk
(λPk

− λPj
), (16)

where

∇Vk
(λQk

− λQj
) =

Qk−V 2
k Bkk

VkQk

− Qjk

VkQj

(17)

∇ωk
(λPk

− λPj ) = −h
(
Qk+V 2

k Bkk

Pk
+

Qjk

P j

)
, (18)

where ∇Vk/ωk
is the gradient function with respect to Vk/ωk

respectively, h > 0 is a small constant, and Qjk
∆
=

VkVj
(
Gkj sin(δjk)−Bkj cos(δjk)

)
. Derivations of the last two

expressions are carried out in Appendix B.
The proposed design of reference signals is presented in

theorem 2, and it is based on lemmas 2 and 3. Lemma 2
provides sign definiteness for the partial derivatives in (17) and
(18). Lemma 3 demonstrates that, as long as reactive power
loads are reasonably shared, Lk(V ) is locally convex with
respect to Vk and that L′k(ω) is locally convex with respect to
ωk. And, theorem 2 shows convergence to the optimal solution.
Their proofs are included in Appendix C.

Lemma 2. In the context of power system operation, the
partial derivatives in (17) and (18) always assume positive
values, that is, for all time,

∇Vk
(λQk

− λQj ) > 0, ∇ωk
(λPk

− λPj ) > 0.

Lemma 3. Lk(V ) is locally convex with respect to Vk if

|λQk
− λQj

| < −V 2
k Bkk

2Qk

, (19)

and L′k(ω) is locally convex with respect to ωk if

|λPk
− λPj | <

(
−V 2

k Bkk

Pk

)2

∣∣∣∣V 2
k

Gkk

Pk
− Pk

Pk
+

Pjk

Pj

∣∣∣∣ . (20)

Theorem 2. Consider the following distributed updating laws
for determining the reference signals according to (14):

V̇ r
k = −µVk

∇Vk
Lk(V ) (21)

ω̇r
k = −µωk

∇ωk
L′k(ω), (22)

where µVk
, µωk

> 0 are design parameters, and the sub-
gradients are given by (15) and (16). Then, V r

k and ωr
k are

convergent to their optimal values that achieve active/reactive
power load sharing, frequency synchronization, and the aver-
age voltage close to being 1 p.u.

In (19), |λQk
− λQj | ≤ 2 always holds, and it is worth

recalling from [13] that (−V r
k

2Bkk/Qk) > 3 (i.e., the power

DG1 DG2 DG3

𝑅௖
𝐿௖

𝑅ଵ ൌ 0.23Ω 𝑋ଵ ൌ 0.1Ω 𝑅ଶ ൌ 0.35Ω 𝑋ଶ ൌ 0.58Ω

𝑅௅ଶ ൌ 25Ω
𝑅௅ଵ ൌ 25Ω

𝑋௅ଶ ൌ 1.57Ω

Fig. 2. A three-inveter microgrid

injection should be always designed to be less than 1/3 of
the short-circuit capacity in order to ensure system voltage
performance). That is, inequality (19) holds for all the cases
that reactive power load sharing is not far off. Analogously,
inequality (20) also holds for most of the cases because of
the following observations: |λPk

− λPj
| ≤ 1; Gkk � Bkk;

Pkj is close to the power flow on line k → j; V 2
k Gkk should

be comparatively small with respect to power injection; and
both Pkj/P j and V 2

k Gkk/Qk should be well bounded within
a relatively small range.

IV. SIMULATION AND EXPERIMENTAL RESULTS

To test the control performance, a three-inverter microgrid
was built (shown in figure 2) with the parameters provided in
table I. Without loss of generosity of AC grid, both R and RL
-type loads are used in the grid forming scenario.

DG parameters
ωn 314.1593 Rf,k 0.1 Ω

Vn
√

2*220 V Lf,k 1.35 mH
Vdc 1000 V Rc,k 0.03 Ω
Cdc N/A Lc,k 0.35 mH
Sk 9600 VA Ck 50 µF
Pk 8000 W
Grid paratmeters are shown in figure 2

TABLE I. Parameters of the test system
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Fig. 3. Three phase voltages of DG1: the droop design and the
state-constrained control.

The three phase voltages of DG1 are shown in the figure 3.
The first subfigure is the results of the droop design which is
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a traditional converter control with three parts: power, voltage
and current controllers (the structure and parameters seen at
[14]). The second figure is the results from the proposed state-
constrained control with γi,k = 10e6 and γv,k = 80. As the
results show that the GFM inverters with droop design have
an obvious disturbed process at the system start period, which
can also be seen in the figures of frequency, real power and
reactive power. The proposed design has a smooth process of
system forming, and the voltage reaches its nominal value
within about 2 circles, which is better than the traditional
droop design.

As seen in figures 4, both controls can achieve the consensus
of real power. But the frequency of the droop design is
deviating from the nominal value while that of our design
is not, seen in figure 5.
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Fig. 4. Real power of three DGs: the droop design and the
state-constrained design.
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Fig. 5. ωk of three DGs: the droop design and the state-constrained
design.

The reactive power of both cases are shown in figure 6. In
traditional design, the reactive power output of each DG is
following its Q-V droop curve. While in the proposed design,
the consensus of utilization ratio of all neighboring DGs’
reactive power has been reached using the subgradient control
in our design. As a result, the reactive power transmitted in
the network is reduced.
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Fig. 6. Reactive power of three DGs: the droop design and the
state-constrained design.

V. CONCLUSION

This paper proposes a layered control design for AC mi-
crogrids with grid-forming inverters that includes a nonlinear
nominal control design to track the reference signals of voltage
magnitude and frequency, an input-state constrained control
design to modify the nominal control and dynamically meet
the constraints on inputs and states, and a subgradient-based
cooperative secondary control. The proposed control integrates
the following three distinctive objectives: 1) achieve voltage
regulation and dynamically maintain the terminal voltage
within its operational range; 2) synchronize the inverters to
maintain microgrid frequency within its operational range; and
3) power sharing among all available resources while hetero-
geneous inverters satisfy their design and capacity constraints.
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APPENDIX A: INVERTER DYNAMICS

The GFM inverter and its output RLC filter and RL output
connector are shown in Fig. 1. Under the standard assumptions
that the inverter switching is fast, vd,k and vq,k of the kth
inverter track the reference signals vr

d,k and vr
q,k almost

instantaneously and hence vd,k and vq,k are considered as
equivalent control inputs. Therefore, the kth GFM inverter and
its output RLC filter dynamics for the kth DG are [14]:

v̇od,k = ωkvoq,k + 1
Ck
id,k − 1

Ck
iod,k (23)

v̇oq,k = −ωkvod,k + 1
Ck
iq,k − 1

Ck
ioq,k (24)

i̇d,k = −Rf,k

Lf,k
id,k + ωkiq,k + 1

Lf,k
vd,k − 1

Lf,k
vod,k (25)

i̇q,k = −Rf,k

Lf,k
iq,k − ωkid,k + 1

Lf,k
vq,k − 1

Lf,k
voq,k, (26)

where vd,k, vq,k are the equivalent dynamic control inputs to
the inverter, vod,k and voq,k (to be controlled) are the terminal
voltages above the capacitor in the RLC filter in dq-frame,
vbd,k, vbq,k are the measured voltages of the boundary bus,
and iod,k and ioq,k are the output currents injected into the
distribution network. Currents iod,k and ioq,k can be measured,
and their rates of change can be calculated using the following
equations:

i̇od,k = −Rc,k

Lc,k
iod,k + ωkioq,k + 1

Lc,k
vod,k − 1

Lc,k
vbd,k (27)

i̇oq,k = −Rc,k

Lc,k
ioq,k − ωkiod,k + 1

Lc,k
voq,k − 1

Lc,k
vbq,k. (28)

Defining the substate vectors and control vector

zv,k =

[
vod,k

voq,k

]
, zi,k =

[
id,k
iq,k

]
, uv,k =

[
vd,k

vq,k

]
as well as measurement vectors

zio,k =
[
iod,k ioq,k

]>
, zvb,k =

[
vbd,k vbq,k

]>
,

we can rewrite equations (23) up to (26) as

żv,k = A11,kzv,k +A13,kzi,k +D1,k, (29)
żi,k = A31,kzv,k +A33,kzi,k +B3,kuv,k, (30)

where

A11,k(ωk)=

 0 ωk

−ωk 0

, A31,k=

− 1
Lf,k

0

0 − 1
Lf,k

, (31)

A13,k=

 1
Ck

0

0 1
Ck

, A33,k(ωk)=

−Rf,k
Lf,k

ωk

−ωk −
Rf,k
Lf,k

,
and

B3,k=−A31,k D1,k(zio,k)=−A13,kzio,k. (32)

The output active and reactive powers of the inverter i are
defined as

Pk = vod,kiod,k + voq,kioq,k,

Qk = voq,kiod,k − vod,kioq,k.

The inverter output voltage magnitude, the inverter output
current magnitude, and the transistor current magnitude are:

Vk = ‖zv,k‖, Io,k = ‖zio,k‖, Ik = ‖zi,k‖.

It follows from equations (23), (24), (27) and (28) that their
time derivatives of Pk, Qk and Vk are

żpq,k = A21,kzv,k +A22,kzpq,k +A23,kzi,k +D2,k (33)

V̇k = Av1,kzv,k +Av2,kzi,k, (34)

where zpq,k =
[
Pk Qk

]>
,

A21,k(zvb,k)= 1
Lc,k

−vbd,k −vbq,k

vbq,k −vbd,k

, (35)

A22,k=

−Rc,k
Lc,k

0

0 −
Rc,k
Lc,k

, A23,k(zio,k)= 1
Ck

 iod,k ioq,k

−ioq,k iod,k

,

D2,k(Vk,Io,k)=

 1
Lc,k

V 2
k− 1

Ck
I2o,k

0

, (36)

and

Av1,k(zio,k)=− 1
2CkVk

z>io,k, Av2,k(zv,k)= 1
2CkVk

z>v,k. (37)

In summary, the dynamic model of the kth inverter can be
represented either by equations (23) up to (28) or equivalently
the collection of equations (29), (33), and (30). The latter set of
equations, together with the phase angle equation δ̇k = ωk −
ω0, has the matrix representation (1). Equation (34) is only
used to dynamically ensure the operational range of voltage.
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APPENDIX B: DERIVATION OF SUBGRADIENTS

It follows from (3) and (9) that

∇Vk
λQk

=
∂λQk

∂Qk

∂Qk
∂Vk

=
1

Qk

∑
j∈N ′k

Vj [Gkj sin(δkj)−Bkj cos(δkj)]

− 2VkBkk

Qk

=
Qk − V 2

k Bkk

VkQk
, (38)

and, ∀j ∈ N ′k,

∇Vk
λQj

=
∂λQj

∂Qj

∂Qj
∂Vk

=
Qjk

VkQj
, (39)

where

Qjk
∆
= VkVj [Gkj sin(δjk)−Bkj cos(δjk)]. (40)

On the other hand, it follows from Leibniz’s rule for
differentiation under the integral sign that, for any h > 0,

∂δk
∂ωk

=
∂

∂ωk

∫ t

t−h
[ωk(τ)− w0]dτ = h.

It follows from the above equation, equation (2), and equation
(9) that

∇ωk
λPk

=
∂λPk

∂Pk

∂Pk
∂ωk

=
1

P k
hVk

∑
j∈Nk

Vj [Bkj cos(δkj)−Gkj sin(δkj)]

= −h(Qk + V 2
k Bkk)

P k
, (41)

and, ∀j ∈ Nk,

∇ωk
λPj

=
1

P j

∂Pj
∂δk

∂δk
∂ωk

=
hQjk

P j
. (42)

APPENDIX C: PROOFS

Proof of lemma 1: Define tracking errors

ev,k = zv,k − zr
v,k, ei,k = zi,k − zr

i,k.

It follows from (1), (10) and (11) that

ėv,k = −γv,kev,k +A13,kei,k, ėi,k = −γi,kei,k,

from which tracking convergence can be concluded. Given that
reference vector zr

v,k is bounded, uniform boundedness of zv,k
and zi,k is obviously from the above equations, and hence Pk,
Qk, as well as all other signals are uniformly bounded.
Proof of theorem 1: Consider the following scalar differential
equations:

ξ̇1 = f1(ξ1) + g1(ξ1)ξ2, ξ̇2 = f2(ξ1, ξ2) + g2(ξ1, ξ2)u,

where gi(·) are invertible. The control objective is to ensure
ξ1(t) ∈ [c, c] for some constants c, c. Defining ξ̃1 = ξ1−c+ε,

we know that, for some time function η(t) ≤ 0, differential
equation/inequality

¨̃
ξ1 + (β1 + β2)

˙̃
ξ1 + β1β2ξ̃1 = η(t) ≤ 0 (43)

holds if control is chosen according to the following inequal-
ity: for any constant gains β1, β2 > 0 with β1 6= β2,

u ≤ g−1
2 g−1

1 [−ḟ1 − ġ1ξ2 − g1f2 − (β1 + β2)ξ̇1 − β1β2ξ̃1].
(44)

Solving the differential equation in (43) yields

ξ̃1(t) =β1ξ̃(t0)+
˙̃
ξ(t0)

β1−β2
e−β1(t−t0) + β2ξ̃(t0)+

˙̃
ξ(t0)

β2−β1
e−β2(t−t0)

+
∫ t
t0
h(t− τ)η(τ)dτ

≤β1ξ̃(t0)+
˙̃
ξ(t0)

β1−β2
e−β1(t−t0) + β2ξ̃(t0)+

˙̃
ξ(t0)

β2−β1
e−β2(t−t0),

where L is the operator of Laplace transform, and h(t) =
L−1{(s2 + (β1 + β2)s+ β1β2)−1} ≥ 0. The above inequality
means that, if ξ1(t0) ≤ c and ˙̃

ξ(t0) ≤ 0, ξ1(t) ≤ c for all
t ≥ t0 and that, if otherwise, ξ1(t) ≤ c after a finite time
period.

By defining ξ̃′1 = ξ1−c−ε, we can similarly show ξ1(t) ≥ c
after a finite time period if control is chosen according to the
following inequality: for any constant gain β > 0,

u ≥ g−1
2 g−1

1 [−ḟ1 − ġ1ξ2 − g1f2 − (β1 + β2)ξ̇1 − β1β2ξ̃
′
1].
(45)

The proof is completed by noting that variables vod,k, voq,k,
Pk, and Qk in dynamic equation (1) as well as Vk in (34) are
all of relative degree two and by applying inequality (44) or
(45) and the argument above.
Proof of lemma 2: According to the definition in [15], we
have Bkk < 0 in the Y bus matrix. Furthermore, the term
−V 2

k Bkk > 0 in (38) is the so-called short-circuit capacity
and, as shown in [13], it should be much larger than power
injection Qk. Hence, we have ∇Vi

(λQk
) > 0.

For electric power systems, ∇Vi
(λQj

) < 0 for small values
of δkj . As a result, we have

∇Vk
(λQk

− λQj ) = ∇Vk
(λQk

)−∇Vk
(λQj ) > 0.

Using the same argument, we know that ∇ωk
(λPk

) > 0 and
∇ωk

(λPj
) < 0, and hence

∇ωk
(λPk

− λPj
) = ∇ωk

(λPk
)−∇ωk

(λPj
) > 0.

Combining the above two results concludes the proof.
Proof of lemma 3: It is obvious that the first term in both
(12) and (13) is convex. Hence, the subsequent analysis will
be done on the second term in the summation.

First, it follows from (38) and (39) that

∇2
Vk
λQk

=
∇Vk

(Qk)

VkQk

− Qk

V 2
kQk

− Bkk

Qk

= − 2Bkk

Qk

, (46)

and
∇2
Vk

(λQj
) = 0. (47)

Using (46) and (47), we have

∇2
Vk

(
1
2 (λQk

− λQj
)2
)

=
(
∇Vk

(λQk
− λQj

)
)2
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+(λQk
− λQj

)(∇2
Vk
λQk
−∇2

Vk
λQj

)

=
(
−VkBkk

Qk

+ Qk

VkQk

− Qjk

VkQj

)2

− 2(λQk
− λQj )Bkk

Qk

. (48)

As discussed previously in the proof of lemma 2, the ratio
−VkBkk/Qk is positive. In typical operation of power system,
Vk is close to 1 p.u. and power injection Qi should be
relatively small when it is less than zero (absorption). In other
words, Qk/(QkVk) is a either positive or small negative value.
In addition, as analyzed in the proof of lemma 2, −Qjk is
positive, since the term |V r

kV
r
j Bkj cos(δr

jk)| is positive and
dominant. Hence, we know from (48) that Lk(V ) is convex
with respect to Vk because

∇2
Vk

(
1

2
(λQk

− λQj )2

)
≥
(
−VkBkk

Qk

)2

− 2(λQk
− λQj )Bkk

Qk

= −Bkk

Qk

(
−V 2

k Bkk

Qk

+ 2(λQk
− λQj

)
)

> 0,

provided that inequality (19) holds. Hence, local convexity of
Lk is established.

Second, it follows from (41) and (42) that

∇2
ωk
λPk

=− h
Pk

∂Qk

∂δk
∂δk
∂ωk

=
h2(−Pk+V 2

kGkk)

Pk
,

and, for j ∈ Ni,

∇2
ωk
λPj =

h2VkVj

P j

∂(Gkj sin(δjk)−Bkj cos(δjk))
∂δk

= −h
2Pjk

P j
,

where Pjk
∆
= VkVj (Gkj cos(δjk) +Bkj sin(δjk)). Using the

above expressions, we have

∇2
ωk

(
1

2
(λPk

− λPj
)2

)
=
(
∇ωk

(λPk
− λPj

)
)2

+ (λPk
− λPj )

(
∇2
ωk

(λPk
)−∇2

ωk
(λPj )

)
=h2

(
−V 2

k Bkk

Pk
−Qk

Pk
− Qjk

P j

)2

− h2(λPk
− λPj

)
(
V 2
kGkk

Pk
− Pk

Pk
+

Pjk

P j

)
≥h2

(
−V 2

k Bkk

Pk

)2

− h2(λPk
− λPj

)
(
V 2
kGkk

Pk
− Pk

Pk
+

Pjk

P j

)
≥0 (49)

under inequality (20). Inequality (49) is concluded because,
analogous to the previous discussion, the term (−Qk/P k −
Qjk/P j) can be ignored. Inequality (49) shows local convex-
ity of L′k.

Combining the above two results concludes the proof.
Proof of theorem 2: While lemmas 2 shows that Lk and L′k
are convex with respect to Vk and ωk, respectively, the first
step is to show that

∑
k Lk(V ) and

∑
k L
′
k(ω) are locally

convex with respect to vectors V and ω, respectively.
To establish convexity property, we can linearize the

load flow equation at an unknown equilibruim point
{λ∗P , λ∗Q, δ∗, V ∗}. It follows from (3) that, if ∆δ = 0,

∆λQ = JQδV,

where ∆λQ is the vector of λQ−λ∗Q, δV = V −V ∗, and JQ
is the resulting Jacobian matrix. It follows from the definition
of Lk that convexity of L is shown if the following term is
convex:

L =

Ng∑
k=1

∑
j∈N ′k

(λQk
− λQj )2

∆
= λTQSλQ

= ∆λTQSλQ + 2∆λTQSλ
∗
Q + (λ∗Q)TSλQ, (50)

where S is Laplacian matrix (hence, S1 = 0). The corre-
sponding Hessian matrix is

H
∆
=

1

2
∇2
V

 Ng∑
k=1

∑
j∈N ′k

(λQk
− λQj

)2


=JTQSJQ,

(51)

which is positive semi-definite. That is, L is locally convex
with respect to V . A similar analysis can be done to show that
L′ is locally convex with respect to ω. The convex property
together with lemma 2 implies that the following distributed
optimization algorithm is convergent:

V̇k = −µVk
∇Vk

Lk(V ) (52)
ω̇k = −µωk

∇ωk
L′k(ω), (53)

Algorithm (21) and (22) is different from (52) and (53)
because Vk is not directly adjusted but has to be controlled by
the primary level control in section III.B. It is obvious that,
if the primary level control is sufficiently fast, then Algorithm
(21) and (22) is also convergent. While this speed requirement
may or may not be true in applications, control gains µVk

and
µωk

can be designed to ensure convergence (or stability) in
general. This is because the overall system consists of two
subsystems: 1) the subsystem represented by (21) and (22)
is locally passive [10], [16]; 2) the subsystem represented by
(II-A) and its primary control is passivity-short and L2 stable
[16], [17]. As a result, the overall system can be made stable,
by using the results in [18], [19]. Details of the analysis are
omitted here for briefness.
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