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Continuous-Domain Real-Time Distributed ADMM
Algorithm for Aggregator Scheduling and Voltage

Stability in Distribution Network
Towfiq Rahman, Ying Xu and Zhihua Qu

Abstract—With an increase in the number of electric vehicles
(EVs) and battery storage systems (BSSs), there are major
challenges in the distribution grid to maintain a scaling control
structure. Also, with the vehicle to grid (V2G) technology, EVs
can now inject power into the grid for voltage regulation.
This paper proposes a new distributed real-time alternating
direction method of multipliers (ADMM) technique to control
EVs and BSSs for voltage regulation while maximizing their
utility function. More specifically, a continuous-domain real-time
optimization and control algorithm is developed in closed form
which exchanges relevant information among the neighboring
nodes through the communication network, optimizes a combined
convex objective of EVs and BSSs welfare and voltage regulation
with power flow equations as constraints. Convergence analysis
is provided using the Lyapunov direct approach and simulation
results are included to illustrate the effectiveness of the proposed
scheme.
Index Terms - Real-time Distributed Optimization, Aggregators,
Electric Vehicle, Battery Storage Systems, ADMM, Lyapunov
Direct Method.

Note to Practitioners—This paper is motivated by the prob-
lems an electric distribution system is facing today due to the
penetration of electric vehicles and battery storage systems.
The presence of a large number of EVs and BSSs is causing
a substantial degradation of the quality and reliability of the
power grid. Despite the adverse effects, EVs and BSSs can be
controlled and used as a power source to benefit the grid. Also,
this control of EVs and BSS cannot be done by a centralized
body since that would be non-scalable and would require huge
communication bandwidth. To tackle this ever scaling problem,
this paper develops a continuous domain multi-agent distributed
algorithm to control the EVs and BSSs and utilize them to
maintain the grid voltage within the normal operating range
while also satisfying the consumers by maximizing their welfare.
The algorithm was developed in the continuous domain since in
most of the other algorithms which are iterative and in discrete
time, the accuracy of the optimal solution greatly depends on the
sampling time, thus it is not robust to changes that are prevalent
with distributed energy resources like EVs and BSSs.

NOMENCLATURE

Functions
fi Objective function of agent i
Hi DSO penalty function
Ji Objective function of node/bus i
Wi EV and BSS owner welfare function
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Power System Variables
Γi Parent node of node i
BΓii Susceptance on the line between node Γi and i
Ii Current flow between parent node Γ_i and node i
jQΓii Reactive power flow from parent node Γi to node i
jQdi Reactive load demand at node i
jqi Aggregated reactive power EV and BSS injection at

node i
li Square of the Current flow between parent node Γ_i

and node i
PΓii Active power flow from parent node Γi to node i
Pdi Active load demand at node i
pi Aggregated active power EV and BSS injection at

node i
RΓii Resistance on the line between node Γi and i
Vi Voltage at node i
vi Square of the voltage at node i
XΓii Reactance on the line between node Γi and i
Definition of Sets
E Set of distribution lines
L Set of edges in a networked system i
N Set of nodes/buses.
Ni Set of neighboring nodes/buses of node/bus i
V Set of agents in a networked system i

I. INTRODUCTION

In recent times, the number of Electric Vehicles (EVs)
in the distribution grid has increased in large numbers due
to the attention from leading automotive industries and the
government’s push to reduce its greenhouse gas emissions.
Consumers are also choosing EVs as their primary vehicle due
to the development of charging infrastructure, upgraded battery
capacity, and comparable price [1]. Due to this, EV sales in the
United States have tripled between 2014 and 2018 [2]. Also,
photo-voltaic (PV) solar power is becoming one of the most
promising renewable energy technologies in the world which is
backed by the fact that its total capacity has reached to 430GW
by the end of 2018 [3]. But due to its inherent stochastic
nature, PVs are usually associated with battery storage systems
(BSS) which stores energy from the PVs and can inject energy
on demand. Due to the penetration of these technologies,
as a consequence, a high number of EV caused substantial
degradation in the efficiency and reliability of the distribution
power grid [4]. Also shown in [5], an uncontrolled PV with
BSS can cause voltage problems which would affect the grid’s
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security and even cause physical damage to equipment. As
shown in [6], [7], a large number of EV charging at the same
time without proper control can lead to abrupt energy peaks
and an overall reduction in power quality. This scenario can
also lead to an increase in power loss during transmission and
a significant voltage drop in the distribution buses. Despite
all these adverse effects, most researchers agree that a large
number of EVs is a valuable resource that can be controlled
to benefit the grid [8].

Over the years, different control schemes have been pro-
posed in the literature. In [9], a centralized optimization
scheme was presented to minimize the charging rates and
facilitate voltage regulation, but it poses a scalability issue
since an increase in the number of vehicles increases the
number of control variables adversely. The authors in [10]
proposed a centralized optimization framework to minimize
the total charging cost based on time-of-use price. Although
shown to have good results, however, the authors did not
consider the appearance of new load peaks in low price
regions causing disruption in the grid operation. Though
the centralized schemes presented in [11]–[13] have simpler
algorithm design, in practicality, it creates high computational
complexity and requires high communication bandwidth for
centralized data pooling. For these reasons, researchers in
recent studies started looking into distributed architectures for
controlling EVs.

In most of the distributed control strategies, third party
entities called aggregators are considered which acts as a
bridge between the Distribution System Operators (DSO) and
the EVs [14]. The major purpose of the aggregators is to
collect EV information, communicate and send input signals
to the EVs based on control strategies, thus taking care of the
scaling issues as the number of EVs keep increasing in the
grid [15], [16]. As for the BSSs, the authors in [17], used
an aggregator to coordinate a number of BSSs to provide
primary frequency control services. In [18], to make the
problem into a distributed one, decomposition techniques are
applied in the joint optimization of optimal power flow and
EV charging and is solved in a nested fashion. A primal-dual
subgradient method is implemented in [19] for EV control in a
residential distribution network. Although the aforementioned
works provide us with a good EV charging algorithm, they
somewhat fail to address the network level constraints like
voltage fluctuation due to EV control in the distribution grid.
In [20], a multi-agent system is presented for EV charging
control. The authors investigate the bidding strategy for EV
energy injection into the grid and propose energy management
strategies based on it. The authors in [21] implemented a
two-layer model predictive control to improve the response
of BSSs for primary frequency control. Another multi-agent
based control structure is proposed in [22] where the authors’
design EV charging based on several study factors such as
driver behavior, location of charging station, electricity price,
etc. In both cases above, the authors focused on the EVs and
their charging strategy but did not focus on the distribution
grid and how their algorithm is affecting the grid. The work in
[23] presents a chance-constrained energy management system
based on ADMM where the authors tackle the stochastic

randomness of the EVs and solve an EV charging scheduling
optimization problem. The solution presented tackles the ran-
domness of the EVs well but failed to show how the proposed
charging solution affects the distribution grid. The authors in
[24] present a distributed ADMM based multi-period problem
where the DSO solved optimal power flow problems with high
penetration of EV which are controlled by the aggregators. In
their problem, they also ensure that grid security parameters
like voltage bound and transmission line limits are maintained.
A similar kind of objective of EV charging while maintaining
voltage in the grid is also proposed in [25]. In this case, the
authors tackled non-separable objective function with coupled
power flow constraints and solved it in a decentralized way
by providing a hierarchical method based on ADMM. In the
above-cited works based on ADMM, iterative methods were
used which are in discrete time, and thus the accuracy of
the results greatly depends on the sampling time. Due to
the intermittent nature of EV charging in the distribution
grid, a very small sampling time is preferred to solve for
the optimization dynamics in real-time otherwise the optimal
solution obtained for a time step might not remain optimal
anymore. The work in [4] presented a real-time solution to
EV charge scheduling through a dynamic non-cooperative
game approach. The authors used ADMM to decompose the
centralized problem and realize the solution in real-time. The
results are very interesting considering real-time application
but then again, the impact of the charging scheduling on the
distribution grid parameters like the voltage is neglected in the
study.

Given the shortcomings of the existing research, the paper
studies a real-time ADMM algorithm to be used to schedule
EV and BSS charging/discharging through aggregators while
maintaining the voltage profile of the grid. The contribution
of this paper is two-fold: First, we present a novel continuous-
domain real-time ADMM algorithm to solve networked multi-
agent systems’ control problems distributively. With the advent
of 5G technologies and smart sensing devices, it is practically
possible to obtain data from the field in one-second resolution
[26] and implement a control structure in real-time. The exist-
ing literature of EV and BSS charging combined with a power
flow problem is solved iteratively which takes several minutes,
thus not utilizing a fair share of the data available as well as
not robust to changes that are prevalent in the distribution
system with distributed energy resources. Also, since all the
parameters in a power grid are in the continuous domain,
we can use the proposed algorithm to implement a real-time
control. Secondly, we formulate an optimization problem in
the distribution system with EV and BSS penetration. By using
the bi-directional energy transfer capabilities of EVs using a
built-in DC-AC converter, EVs and BSSs can be treated as
any other distributed energy resources present in the grid [27],
[28]. We set up a distributed optimization problem with power
flow equations as the constraint where aggregators establish a
contract with EV and BSS owners enabling them to use them
as energy resources for voltage regulation while compensating
the owners financially. Since the algorithm is in continuous
domain and real-time, the aggregators can have a real-time
update of each EV and BSS state of charge and only use
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them when their state of charge is above a certain predefined
threshold which is agreed through the contract. We solve the
problem using our developed algorithm and show that the EV
and BSS charge scheduling can be handled in real-time while
keeping the distribution grid parameters within tolerable limits.

The remainder of the paper is organized as follows: In
Section II, We formulate the distributed EV and BSS charg-
ing optimization problem with the power flow constraints.
In section III, we develop the proposed ADMM algorithm,
convert it into the continuous domain, and implement it to
solve the optimization problem as a real-time control solution.
Simulations were performed on a distribution system with EV
penetration and the results are presented in Section IV. And,
Section V contains the conclusion of our work.

II. PROBLEM FORMULATION

In this section, we develop the aggregator architecture
with EV and BSS and establishes a communication protocol
between them. We also present the branch flow model of the
distribution grid with aggregators and formulate the optimiza-
tion problem.

A. Architecture of EV/BSS Aggregators

In the distribution system, we have a hierarchical communi-
cation structure. On the top is the Distribution System Operator
(DSO) who is responsible for Optimal Power Flow (OPF)
calculations and voltage regulation at each node of the grid.
Then, on the second layer, we assume the existence of a third
party entity, generally termed as "aggregator" in the literature,
which can collect and dispatch the aggregate information of
the EVs [24] and BSSs [29]. The EV and BSSs owners can
establish a contract with a local aggregator allowing them to
be utilized for grid purposes in real-time if it is between a
certain State of Charge (SOC) range and in return, they will
be compensated financially. More specifically, the aggregator
calculates the aggregated capacity of active power based on
EVs’ and BSS’s SOC and their operational constraint. The
aggregators work in tandem with the DSO for OPF calculation
and voltage regulation and work as a "middleman" between
the DSO and fleet of EVs and BSSs. And finally, in the
bottom layer, we have the EVs and BSS. When they are
connected to the grid, either through commercial means or
residential outlets, the can chose to connect with an aggregator
sensor network for ancillary services and share only their SOC
and power input/output, thus maintaining the privacy of the
owners. The aggregators provide input signals through the
same sensor network and ask the EVs or BSSs to inject power
into the grid based on the OPF calculations. The coupling
between an aggregator and its clients are through the sensor
network, and the aggregator keeps their individual information
confidential. There is no communication needed among the
EVs or among the BSSs. Between the aggregators, their
communication is limited to aggregated power injections. So is
the communication between DSO and any of the aggregators.
The communication structure between all the entities including
the variables that they handle is illustrated in figure 1. In this
network structure, we assume the network of DSO and the

Fig. 1: The communication structure of aggregators.

aggregators are strongly connected. The DSO acts as the leader
of the network and we assume it is a globally reachable node in
the sense that all other nodes can be reached from the globally
reachable node by following the directed branches [30]. Thus,
the DSO can get all the parameters of the distribution grid
through cluster of networks formed by the aggregators if it
so desires, and thus, does not need to connect with all the
aggregators in the topology. It should be noted that the EVs
and BSSs can decide to connect to any aggregator whose
sensor network is in range of them based on the compensation
rates the aggregator is offering. We assume that the aggregators
can communicate among themselves, thus, if there are multiple
EVs or BSS under the same node connected to different
aggregators, they can exchange information and can obtain
the total aggregated power injection by EV and BSS at that
particular node.

B. Branch Flow Model of Power Distribution Network

The branch flow model was first proposed in [31] which
has better numerical stability than the branch injection model.
Consider a radial distribution network by a directed graph G =
(N , E) where N := {1, · · · , N} represents the set of buses
and E represents the set of distribution lines connecting the
buses in N . Without any loss of generality, the substation of
the radial network is indexed by 1. Each node i ∈ N \1 has an
unique parent node Γi and a set of children nodes, denoted by
Ci as shown in figure 2. We assume each directed line points
towards its children, i.e., power flows from parent Γi to node
i. We also assume all the parameters are exact and are free of
uncertainty.

Fig. 2: A distribution network.
For each bus i ∈ N , Vi is its voltage with Pdi + jQdi

being the load demand and pi + jqi is the aggregated active
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and reactive power injection by the aggregated EV and BSS
since they are capable of producing both active and reactive
power using four-quadrant charging [32]. Voltage regulation
using EV and BSS reactive capacity is studied in [33] as well.
For the branch Γi → i, Ii is the current flowing through it with
RΓii+jXΓii being the impedance of the line and PΓii+jQΓii

being the complex power flowing from the parent Γi to node
i. For bus i ∈ N \ 1, the power balance equations are given
as

PΓii = pi + Pdi +
∑
j∈Ci

(Pij +Rij lij) i ∈ N \ 1 (1)

QΓii = qi +Qdi +
∑
j∈Ci

(Qij +Xij lij) i ∈ N \ 1 (2)

where lij = I2
i is the square of current magnitude which is

defined as

lij =
P 2
ij +Q2

ij

vi
(3)

where vi = V 2
i is the square of the voltage magnitude. It

should be noted that the set of children for leaf nodes are null
and empty. Equation (3) is a non-linear equation which can
be linearized [34] around current operating point P oij , Q

o
ij , v

o
i

and loij as below:

lij − loij =
2P oij
voi

(Pij − P oij) +
2Qoij
voi

(Qij −Qoij)

−
(P oij)

2 + (Qoij)
2

(voi )2
(vi − voi ) (4)

For the substation bus, equations (1) and (2) takes the follow-
ing form

0 = p1 + Pd1
+

∑
j∈C1

(P1j +R1j l1j) (5)

0 = q1 +Qd1
+

∑
j∈C1

(Q1j +X1j l1j) (6)

The power flow on all lines (i, j) ∈ E are expressed as

vi − vj = 2(RijPij +XijQij) + (R2
ij +X2

ij)lij (7)

The voltage magnitude limits are given by

vmini ≤ vi ≤ vmaxi ∀i ∈ N (8)

From the study done by the authors in [35], the distribution
line maximum current flow constraint should take into account
the current that flows in the charging susceptance of the line.
For line (i, j) ∈ E , the thermal limit constraint is given as

lij +
1

4
B2
ijvi +BijQij ≤ lmaxij (9)

lij +
1

4
B2
ijvj +Bij(Xij lij −Qij) ≤ lmaxij (10)

Let us define set of feasible points which satisfy the inequality
(8) as follows:

Sv = {vi : (8) ∀i ∈ N}, (11)

and the inequalities (9) and (10) as follows:

Sl = {lij : (9)− (10) ∀j ∈ Ni, i ∈ N}. (12)

C. Objective Functions

The EV and BSS owners sign a contract with the aggre-
gators to maximize their monetary gain by providing voltage
regulation as well as minimize the cost incurred due to charg-
ing. Let us define a utility function Ui(pi, qi), i ∈ N which is
concave in nature and expresses the monetary satisfaction of
all the EV and BSS connected at the ith bus. Thus, we can
define the owners welfare function Wi(pi, qi) at each bus as
follows:

Wi(pi, qi) = ψpi − Ui(pi, qi) i ∈ N (13)

where ψ is the price of electricity. The meaning of the welfare
function Wi(pi, qi) simple. The EV and BSS incur expense
ψpi by charging their batteries from the grid and PVs, but
by providing services like voltage regulation, they can earn
revenue defined by the concave function Ui(pi, qi). The overall
welfare function

∑
i∈N Wi(pi, qi) is convex in nature since its

an addition of a straight line and a negative concave function.
It should be noted that the welfare function is a function
of aggregated power by the aggregators at each node. The
aggregators use only those EV and BSS whose SOCs are
inside a predefined range. The aggregator then compensates
the owners based on the contract agreement. Since this work
only deals with the DSO and aggregator layer, it is beyond the
scope of this paper to define the aggregator-EV or aggregator-
BSS relationship and how the aggregator compensates them.
This issue would be addressed in our future work. For the
grid, the DSO and the aggregators want to use the EV and
BSS to maintain the voltage at each node close to 1p.u. which
can be expressed by the following penalty function which is
quadratic and is thus convex:

Hi(vi) = (1− vi)2 i ∈ N (14)

Therefore, we can define the optimization problem for the
whole network as follows:

J(p, q, v) =
∑
i∈N

Ji(pi, qi, vi) (15)

where Ji(pi, qi, vi) = kiWi(pi, qi) + (1− ki)Hi(vi)

s.t. vi ∈ Sv, lij ∈ Sl (16)
(1), (2), (4)− (7)

where 0 < ki < 1 is the weight on each objective function.
The aggregators sum up all the EV and BSS power poten-
tial at each node and try to minimize the welfare function∑
i∈N Wi(pi, qi) for their customers. The DSO works with

the aggregators to obtain EV and BSS injection information
at each node and wants to maintain a unity voltage profile∑
i∈N Hi(vi) in the grid while solving the power flow in the

process. In the next section, we will develop a continuous-
domain distributed ADMM algorithm to solve problem (15)
in real-time.

III. CONTINUOUS-DOMAIN DISTRIBUTED ADMM
ALGORITHM

In this section, we develop the continuous-domain real-time
ADMM algorithm which can be implemented to a broad class
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of networked multi-agent distributed optimization and control
problems. Then, we show our optimization problem, which is
a special case, can be solved distributively using the developed
ADMM method in the continuous domain.

A. Network of Agents

Let us consider a networked multi-agent system which is
characterized by a bidirectional graph G = (V,L) where
V = {1, 2, · · · , N} is the number of agents and L represents
the set of edges between them. Also, let node 1 be the virtual
leader of the network which means, through the communi-
cation network, node 1 can obtain the information of all the
nodes in the network if necessary. We can define the network
interconnection with the following binary matrix [30]:

S =


1 1 · · · 1
1 1 · · · s2N

...
...

...
...

1 sN2 · · · 1

 , (17)

where sij = 1 if and only if (i ↔ j) ∈ L, and sij = 0
if otherwise. The matrix S has 1 in the diagonal as every
agent knows its own information. We have the following
assumption which ensures the connectivity of the network.

Assumption 1: The matrix S is irreducible, i.e., the
communication graph is strongly connected.

Using the communication matrix S, let us also define a
gain matrix D whose values are calculated according to the
following equation:

D = [dij ] ∈ RN×N , dij =
sijβij∑N
l=1 silβil

, (18)

where βij > 0 are piecewise-constant scalar gains. The matrix
D is a non-negative, row stochastic and diagonally positive
matrix.

B. Distributed Real-Time Continuous Domain ADMM

Let us consider the following optimization problem

min
∑
i∈V

fi(xi) (19a)

s.t.
∑
j∈Vi

Aijxj = 0 for i ∈ V, (19b)

For agent i, Vi denotes the set of its neighboring agents
including itself, xi ∈ Rn is its state vector, fi(xi) is its
objective function, and Aij are matrices of appropriate
dimensions which represents the interconnection between the
agents. The following assumption is made on the individual
objective functions.

Assumption 2: Functions fi, i ∈ V , are convex and
differentiable, and their gradients denoted by ∇xi

fi(xi) are
Lipschitz continuous. The set of optimal solutions to (19)
is not empty, and the corresponding minimum of (19a) is finite.

The goal is to develop a distributed algorithm so that each
agent can solve problem (19a) while satisfying the linear
constraint (19b) by exchanging relevant information with its
neighboring agents. The problem (19) can be solved using
ADMM by reformulating it using a secondary variable zji,
which represents the observation of the variables of agent j at
agent i. We can then reformulate (19) as follows [36]:

min
∑
i∈V

fi(xi) (20a)

s.t.
∑
j∈Vi

Aijzji = 0 for i ∈ V (20b)

xi = zij j ∈ Vi, i ∈ V (20c)

where x and z represents the two set of variables in standard
ADMM [37]. In the consensus constraint (20c), the obser-
vations zij are forced to equal to the state variable xi, thus
the optimal solution to the problem (20) is also optimal to the
original problem (19). It should be noted that in problem (20),
(20b) involves only z but (20c) contains both x and z. Hence,
we form the so called "augmented Lagrangian" as follows:

L(x, z, λ) =
∑
i∈V

Li(xi, zij , λij), (21)

Li = fi(xi) +
∑
j∈Vi

[
dijλ

T
ij(xi − zij) +

dij
2
||xi − zij ||2

]
where λij is the dual variable. In the proposed multi-
agent ADMM algorithm, the usual constant penalty term
is replaced with dij from D matrix defined in (18). This
enables the penalty term to conform with the actual physical
interconnection of the agents [36]. Because of this reason, the
Lagrange multiplier λij is also scaled by it. The following
theorem provides the continuous-domain solution to the
augmented Lagrangian (21) whose proof is provided in the
Appendix.

Theorem 1: The augmented Lagrangian (21) can be solved
in the continuous domain using the following dynamics:

ẋi = −α
′

i

[
∇xi

fi(xi) +
∑
j∈Vi

dij

[
λij + (xi − z−ij)

]]
(22a)

żji = α
′

i[djiλji + dji(xj − zji)−ATijµi] (22b)

µ̇i =
∑
j∈Vi

Aijzji (22c)

λ̇ji = dji(xj − zji), (22d)

where z−ij(t)
4
= zij(t − ∆) for some ∆ > 0 is a delayed

version of zij .

The above set of dynamic equation (22) provides us with
the optimal solution to the problem (20). The convergence
results of theorem 1 are summarized in lemma 1 and the
proof is provided in the Appendix.
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Lemma 1: Under assumptions 1 and 2, the distributed
ADMM algorithm (22) is convergent to an optimal solution.

C. Real-Time ADMM Solution to EV/BSS Management

In this subsection, we show that the optimization prob-
lem (15) can be solved in a distributed manner using the
above method. The aggregators at each bus and DSO can
be considered as agents in the distribution power network.
They communicate relevant information among them for OPF
calculation and maintaining voltage regulation. The DSO is
the global leader as node 1 in setting power dispatch signal,
each of the aggregators is a local agent which interacts with
its cluster of EVs and BSS that are grouped based on their
locations, and neighboring aggregators may communicate with
each other. Nonetheless, the DSO does not have global infor-
mation, as its communication with an aggregator is limited
to the aggregated dispatch signal for that cluster. Similarly,
the communication among aggregators only contain the infor-
mation about aggregated injections. Thus the communication
topology between the aggregators and DSO can be represented
by the communication matrix (17). Agent i has the information
of its own voltage vi, the aggregated active and reactive power
injection pi, qi. It also has the information of the amount of
active power, reactive power and current that is coming from
its parent node. Thus, at agent i, we can define the state
variables as xi = [vi, pi, qi, PΓii, QΓii, lΓii]

T . To solve the
problem using continuous-domain ADMM, we introduce an
observation vector zji, which represents the variables of node j
observed at node i as zji = [vij , p

i
j , q

i
j , P

i
Γjj
, QiΓjj

, liΓjj
]T [36].

With these vector definitions, we can redefine the problem (15)
according to our developed distributed ADMM problem (20)
as follows

min
xi

∑
i∈N

Ji(xi) + Ivi + Ilij (23a)

s.t.
∑
j∈Ni

Aijzji +mji = 0 ∀i ∈ N (23b)

xi = zij ∀i ∈ N (23c)
vi ∈ Sv, lij ∈ Sl (23d)

where Ni
4
= {Γi}∪{i}∪Ci. Ivi anr Ilij are indicator functions

defined as :

Ivi =

 0, vi ∈ Svi

∞ otherwise.
(24)

Ilij =

 0, lij ∈ Slij

∞ otherwise.
(25)

Equation (23b) is based on equations (1)-(7). Thus, we can
define the matrix Aij , based on which agent j represents, as

follows

Aii =


0 1 0 −1 0 0
0 0 1 0 −1 0
1 2RΓii 2XΓii 0 0 (R2

Γii
+X2

Γii
)

0 0 0
2P o

Γii

voΓi

2Qo
Γii

voΓi

−1



Aij =


0 0 0 1 0 Rij
0 0 0 0 1 Xij

0 0 0 0 0 0
0 0 0 0 0 0

 , j ∈ Ci,

Aij =


0 0 0 0 0 0
0 0 0 0 0 0
−1 0 0 0 0 0

− (P o
ij)2+(Qo

ij)2

(voΓi
)2 0 0 0 0 0

 , j = Γi,

(26)

and a vector of constants

mii =


Pdi
Qdi
0
0



mij =


Rjilji
Xjilji

0
0

 j ∈ Ci

mii =


0
0

(R2
ji +X2

ji)lji

− 2(P o
ji)

2voj +2(Qo
ji)

2voj +(P o
ji)

2−(Qo
ji)

2

(voj )2 − loji

 j ∈ Γi

(27)

For our work, we considered a balanced distribution system.
For an unbalanced system, we can apply the Fortescue
transformation for distribution grid [38] and update the
entries of Aij matrix accordingly. Following the procedure
in Section III-B, we form the augmented Lagrangian using
dual vector λij = [λij(1), λij(2), · · · , λij(6)]T and using
theorem 1, obtain the following continuous-domain dynamics
for agent i:
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xi update dynamics for each variable:

v̇i =− α
′

i

[
∇viJi(xi) +

∑
j∈Ni

dij

[
λij(1) + (vi − vj−i )

]]

ṗi =− α
′

i

[
∇piJi(xi) +

∑
j∈Ni

dij

[
λij(2) + (pi − pj−i )

]]

q̇i =− α
′

i

[
∇qiJi(xi) +

∑
j∈Ni

dij

[
λij(3) + (qi − qj−i )

]]

ṖΓii =− α
′

i

[
∇PΓii

Ji(xi) +
∑
j∈Ni

dij

[
λij(4)

+ (PΓii − P
j−
Γii

)
]]

Q̇Γii =− α
′

i

[
∇QΓii

Ji(xi) +
∑
j∈Ni

dij

[
λij(5)

+ (QΓii −Q
j−
Γii

)
]]

l̇Γii =− αi

[
∇lΓii

Ji(xi) +
∑
j∈Ni

dij

[
λij(6) + (lΓii − l

j−
Γii

)
]]

The auxiliary primal variable zji update dynamics is given as:

v̇ij
ṗij
q̇ij
Ṗ iΓjj

Q̇iΓjj

l̇iΓjj


=α

′

idji


λji(1)
λji(2)
λji(3)
λji(4)
λji(5)
λji(6)

 + dji



vj − vij
pj − pij
qj − qij

PΓjj − P iΓjj

QΓjj −QiΓjj

lΓjj − liΓjj



−ATij


µi(1)
µi(2)
µi(3)
µi(4)
µi(5)
µi(6)


The dual updates are given as follows:

µ̇i(1)
µ̇i(2)
µ̇i(3)
µ̇i(4)
µ̇i(5)
µ̇i(6)

 =
∑
j∈Ni

Aij



vij
pij
qij
P iΓjj

QiΓjj

liΓjj




λ̇ji(1)

λ̇ji(2)

λ̇ji(3)

λ̇ji(4)

λ̇ji(5)

λ̇ji(5)


=dji



vj − vij
pj − pij
qj − qij

PΓjj − P iΓjj

QΓjj −QiΓjj

lΓjj − liΓjj



where Aij are defined in (26).

IV. SIMULATION RESULTS

In this section, the proposed distributed continuous-domain
real-time ADMM algorithm is implemented on the IEEE
123 bus distribution system with EV penetration. First, we
simulated a base case with no EV penetration and control to
set up a reference point for the simulation. Then we included
EVs into the system and implemented our proposed algorithm
for EV welfare and voltage optimization with power flow
equations as constraints.

First, we set up the IEEE 123 bus distribution system in
OpenDSS and ran the base case without any control whose
voltage profile is shown in figure 3. Then we introduced 200
EVs of different capacities and types into the grid which
can be aggregated among 40 buses. Table I summarises the
different types of input power injection range for EVs and
table II shows the types of EVs used in the study and their
corresponding battery capacity [39]. Based on the data from
the table, we ran models of EV with randomized initial SOC
over a certain period of time to come with a range of SOC, and
only those EVs were used whose SOC were bounded between
80 to 100 percent. In the simulation, the welfare function is
defined as a quadratic function: Wi(pi, qi) = app

2
i with the

value of coefficients taken from the literature [40] and the
price of electricity was fixed at an average of 15 cents per
kWh. Although the algorithm is capable of handling it, we
assumed the EVs only inject active power in this scenario
and the total aggregated reactive power injection is 0. To
measure the convergence to steady-state, we defined the primal
residual as maxi

∑
j∈Ni
|xi − z−ij |, and the dual residual as

maxi
∑
j∈Ni
|zij − z−ij | [36], [37]. In the implementation of

the algorithm, we chose α
′

i to be the same for each node with
a value of 0.01 and weight ki is chosen to be 0.2. In the sim-
ulation scenarios, we kept the generation from the sub-station
at a fixed point equal to the minimum loading conditions.
We introduced 100 intermittent photo-voltaic (PV) resources
spread across the distribution grid with a random generation
profile. We also created a random loading profile where the
spot loads at each node vary over time. We introduced our
algorithm to all the 40 aggregators to compensate for the
intermittent renewable generation and random loading with
the objective of keeping the voltage profile within tolerable
range as well as maximizing their utilization function. In our
simulation, we assumed that there is always enough EVs with
acceptable SOC range to compensate for voltage regulation.
The simulation was run for 5 hours to observe the impact on
the node voltages.

TABLE I: EV charging categories

Charging
method Voltage Max. current Input power

AC level 1 120 V 12 A 1.4 kW
AC level 2 208 - 240 V 32 A 7.2-19.2 kW
DC charging 400 - 1000 V 300 A 50-150 kW

From the base case, we identified three nodes, namely
node 111,113, and 114, which have the three lowest nodal
voltage without control in the circuit. Figure 4 shows the
evolution of the voltages in those three nodes over the five
hours where control was applied. Figure 5 shows the total
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Fig. 3: Voltage profile of the base case
TABLE II: EV Types

Brand name Battery capacity
Nissan Leaf 40-62 kWh
Toyota RAV4-EV 41.8 kWh
BMW i3 42.2 kWh
Tesla model 3 75 kWh
Tesla model S 100 kWh
Tesla model X 100 kWh

0 1 2 3 4 5

Time (Hours)

0.95

0.96

0.97

0.98

0.99

1

1.01

V
o

tl
ag

e 
(p

u
)

Voltage vs Time

Voltage of node 111

Voltage of node 114

Voltage of node 113

Fig. 4: Voltages at node 111,113 and 114
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Fig. 5: Total active power injection by EVs into the grid

injection of active power into the grid by the EVs. It can
be seen from both the figure that whenever there is a rise in
voltage (between time period 0-1 hour and time period 3-4

Fig. 6: Steady state voltage output after using the algorithm

hour) due to more generation from the intermittent renewable
resources or lower loading condition, the total EV active
power injection decreases which means they are charging. The
opposite happens whenever there is a loss in voltage due to
higher loading conditions or loss of renewable resources, the
EVs start discharging which maintains the voltage above the
lower limit of 0.95 pu. In this way the algorithm makes sure
the EV injection follows the voltage profile. Figure 6 shows
the steady-state voltage at each node of the test circuit.

V. CONCLUSION

In this paper, a novel continuous-domain real-time dis-
tributed multi-agent ADMM algorithm is developed for real-
time applications. A distribution system was modeled where
EV and BSS owners sign contracts with aggregators to allow
them to be used for ancillary services like voltage regulation in
exchange for monetary gain. A convex optimization problem
with power flow equations as constraints were set up where
each aggregator tries to minimize the EV and BSS charging
cost while contributing to ancillary services while DSO would
maintain the voltage close to unity and solve the power flow.
In the setup, we only consider DSO and aggregators as the
acting agents in the grid and assume the aggregators can send
signals to EVs and BSSs to alter their power injection in the
grid. We assume the SOC of EVs and BSSs are within a
predefined agreed-upon range and there is enough EV and
BSS reserve for ancillary services. In our future work, we
would consider EV and BSS optimization with aggregator
connection and also tackle SOC evolution which is dynamic
in nature. The developed problem with DSO and aggregators
was cast into a distributed ADMM framework and is solved
using the proposed continuous-domain real-time algorithm by
communicating relevant information among them. In contrast
to usual discrete-time iterative solution techniques where the
accuracy and optimality of the solution depend on the sam-
pling and convergence time, the proposed continuous-domain
algorithm can solve the optimization and control problems in
real-time. Numerical simulations were carried out on IEEE 123
bus distribution grid to show the effectiveness of the proposed
algorithm.
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APPENDIX

A. Proof of Theorem 1

ADMM consists of first the x-minimization and then z-
minimization, followed by the updates of the dual variables
[37]. Following from the augmented Lagrangian (21), The
algorithm is as follows:

1) xi is updated according to

xk+1
i := arg min

xi∈Rn

LD(x, zk, λk, µk), (28a)

2) For j ∈ Ni, zji is solved as

zk+1
ji := arg min

zji∈Rn

LD(xk+1, z, λk, µk)

s.t.
∑
j∈Vi

Aijzji = 0; (28b)

3) For i ∈ N and j ∈ Ni, µi evolves as

µk+1
i := µki +

∑
j∈Vi

Aijz
k+1
ji (28c)

4) For j ∈ Ni, λji evolves as

λk+1
ji := λkji + dkji

[
xk+1
j − zk+1

ji

]
. (28d)

where µi is the dual variable used to relax the constraint (20b)
in the z-minimization step [41]. The x-minimization step can
be solved iteratively while the other steps have an explicit
solution [36]. Under assumption 2, the ith agent can solve
the x-minimization sub-problem using the gradient descent
technique, that is

xk+1
i = xki − αi

[
∇xi

fi(x
k
i ) +

∑
j∈Vi

dkij

[
λkij + (xki − zk−ij )

]]
(29a)

where k is the time step and αi > 0 is the step size. The
variable zk−ij is a previous solution of z-minimization step and
is held constant until xk+1

i reaches optimal solution. For x-
minimization step, agent i gathers zij , λij (j ∈ Vi) informa-
tion through the communication network from its neighbors.
Then zji has a closed form solution using the updated xi as
follows

zk+1
ji = xk+1

j +
1

dkji

[
dkijλ

k
ji −ATijµki

]
, (29b)

For z-minimization step, agent i obtains xj , dji (j ∈ Ni) form
its neighbors. Finally, the dual updates are given as follows

µk+1
i = µki +

∑
j∈Vi

Aijz
k+1
ji , (29c)

λk+1
ji = λkji + dkji

[
xk+1
j − zk+1

ji

]
. (29d)

The dynamic update laws defined in (29) is a gradient-based
optimization, and assuming assumption 2 holds, the trajectory
generated by the primal and dual variables moves closer to the
optimal solution. The primal variables generate a trajectory
towards the negative direction of the gradient and the dual
variables produce trajectory in the positive direction of the
gradient. From (29a), the amount of distance covered by

the trajectory towards optimality in each iteration can be
calculated as follows:

xk+1
i − xki = −αi

[
∇xi

fi(x
k
i ) +

∑
j∈Vi

dkij

[
λkij + (xki − zk−ij )

]]
If we divide both side by a small number ∆t, we get

xk+1
i − xki

∆t
= −α

′

i

[
∇xi

fi(x
k
i ) +

∑
j∈Vi

dkij

[
λkij + (xki − zk−ij )

]]
where α

′

i = αi

∆t . By taking the limit, we can approximate the
discrete time steps into the continuous domain. For x update,
we have

lim
∆t→0

xk+1
i − xki

∆t
= ẋi

=− α
′

i

[
∇xifi(xi) +

∑
j∈Vi

dij

[
λij + (xi − z−ij)

]]
(30)

Following similar procedure for z, λ and µ, we obtain the
equations provided in theorem 1. �

B. Proof of Lemma 1
Let us consider x∗i , z

∗
ji, λ

∗
ji and µ∗i as the primal-dual optimizer

of (22) which satisfies the KKT conditions [42]. Thus, we
can define the error states as x̃i = xi − x∗i , z̃ij = zij − z∗ij ,
µ̃ij = µij − µ∗ij and λ̃ij = λij − λ∗ij and redefine the update
law as:

˙̃xi = −α
′

i

[
ηi(xi, x

∗
i ) +

∑
j∈Vi

dij

[
λ̃ij + (x̃i − z̃−ij)

]]
(31a)

˙̃zji = α
′

i[djiλ̃ji + dji(x̃j − z̃ji) +ATij µ̃i] (31b)
˙̃µi =

∑
j∈Vi

Aij z̃ji (31c)

˙̃
λji = dji(x̃j − z̃ji). (31d)

where ηi(xi, x
∗
i ) = ∇xi

fi(xi) − ∇x∗i fi(x
∗
i ). Consider the

Lyapunov function

V =

N∑
i=1

1

2α
′
i

{
||x̃i||2+α

′

i||µ̃i||2+
∑
j∈Vi

||z̃ij ||2+α
′

i||λ̃ij ||2

+ αidij

∫ t

t−δ
||z̃ij(τ)||2dτ

}
Taking the time-derivative of V yields

V̇ =

N∑
i=1

{
− ηi(xi, x∗i ) + µ̃Ti

∑
j∈Vi

Aij z̃ji

+
∑
j∈Vi

[
x̃Ti

[
− dij λ̃ij − dij(x̃i − z̃−ij)

]
+ z̃Tij

[
dij λ̃ij + dij(x̃i − z̃ij)−ATij µ̃i

]
+ dij λ̃

T
ij

[
x̃i − z̃ij

]
+

1

2
dij ||z̃ij ||2−

1

2
dij ||z̃−ij ||

2

]}
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ηi(xi, x
∗
i ) is positive definite with respect to x̃i according to

the global under-estimator property of the convex function.
Hence we have

V̇ =

N∑
i=1

{
− ηi(xi, x∗i ) +

∑
j∈Vi

[
− dij x̃Ti x̃i + dij x̃

T
i z̃
−
ij

+ dij z̃
T
ij x̃i −

1

2
dij z̃

T
ij z̃ij −

1

2
dij ||z̃ij ||2

]}
.

=

N∑
i=1

{
− ηi(xi, x∗i ) +

∑
j∈Vi

[
dij
2
||x̃i − z̃ij ||2

+
dij
2
||x̃i − z̃−ij ||

2

]}
.

which is negative semi-definite with respect to all the variables
and is negative definite with respect to x̃i as well as both
(x̃i − z̃ij) and (x̃i − z̃−ij). �


