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Abstract— With increasing integration of distributed energy
resources (DERs), distribution systems (DS) with DERs are
expected to provide proactive grid services. The result is that
power references, or known as dispatch signals, required for
DS can become faster changing than in legacy power system.
Consensus-based integral controls have been proposed for the
purpose of coordinating power generations of DERs in DS to
match the power references. These existing controls assume
the integral control signal to be sufficiently slow or constant,
and ignore the potential dynamics of the integral controller
when tracking more varying power references. Therefore, in
this paper we present an improvement for such controls by
deriving the stability condition utilizing generalized Nyquist
criterion. The stability condition is quantified by a set of integral
gains that guarantee stability in closed-loop system without
assuming a constant integral signal. A rule-of-thumb criterion
is also derived to instruct the design of the consensus topology
that can provide faster convergence rate for the closed-loop
system. The stability and convergence improvements developed
in this paper are demonstrated and verified through numerical
examples.

Index Terms— Generalized Nyquist criterion, consensus con-
trol, distributed control, distribution system.

I. INTRODUCTION

The legacy power system is gradually transitioning into
a system dominated by renewable energy generated from
distributed energy resources (DERs). The distribution system
(DS), with the help of DERs, can now produce power and is
expected to provide power support to shape the dynamics of
transmission system (TS). The DERs are in general enabled
by fast-acting power electronics inverters. With more DERs
in the system, the time scale of power support provided by
the DS is expected to be much faster and comparable to
second [1]. This draws the need for more rigorous control of
power flow between transmission and distribution systems.

The problem of power flow control has been investigated
extensively in the literature, as nicely surveyed in [2]-[5],
and references therein. Most of these works are formulated
as optimization problem with the objective to minimize either
active or reactive power drawn from TS to DS, active power
losses in DS, or economic cost, subject to voltage regulation
constraints. These approaches are typically centralized, and
all require the knowledge of the full admittance matrix of DS,
acquiring which is a separate yet challenging topic. Different
than these works, the consensus-based integral controls for
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active power [6] and reactive power [7] are attractive for
enabling DS to provide grid support. In this paper, we limit
our scope to active power only. The basic mechanism of the
control in [6] is as follows. Consider a DS connected to the
TS through primary bus, and a number of DERs are installed
within the DS. The consensus-based integral control, on
the higher level, consists of an integral controller at the
primary bus. The integral controller integrates the difference
between the measured active power at the primary bus and
the power reference specified by the TS, and generates a
set point signal. The set point signal is broadcast to a few
designated DERs. After that, all DERs run a consensus
algorithm through a pre-defined communication topology,
then decide and produce their respective power generations.
The advantage of this algorithm is that it is model free, and
does not require detailed modeling and coupling analysis of
distribution system. Moreover, the control is built on simple
integral control, which is more practical and acceptable
for power system industry. The drawback of this method,
however, is that it assumes the set point signal from the
integrator is sufficiently slow or constant, and ignores the
potential dynamics of the integral controller when tracking
more varying power references. As a result, an improper
integral gain can cause system instability.

To improve the stability of this control algorithm, in this
paper we develop a stability condition that quantifies a set of
stabilizing integral gains using generalized Nyquist criterion
[8]. Analyzing stability for this type of consensus control is
difficult, popular theoretical tools such as singular perturba-
tion [9] and passivity [10] are not directly applicable since
singular perturbation makes similar assumption of ignoring
integrator dynamics, and passivity analysis is usually facili-
tated by certain system symmetries that are not presented in
this problem. The advantage of generalized Nyquist criterion
is that it provides a geometric representation in frequency
domain for closed-loop system, and is convenient for sta-
bility analysis of interconnected systems and systems with
presence of delays. In [11], generalized Nyquist criterion is
utilized to quantify stability for a wide-range of open-loop
consensus systems with delays. Inspired by the work in [11],
in this paper we derive a stability condition for consensus-
based integral control. The condition itself is quantified by a
set of integral gains, which can guarantee stability of closed-
loop system considering the dynamics of integral controller.
Facilitated by the same idea, we also develop an analytical
range quantifying the convergence rate of the closed-loop
system. The range is dependent on the integral gain and
the eigenvalues of the Laplacian matrix of the consensus



topology. From this, we provide a rule-of-thumb criterion to
instruct the design of the consensus topology that can provide
faster convergence rate for the closed-loop system.

The following notations will be used throughout this paper.
j =
√
−1 denotes the imaginary unit, |m| denotes absolute

value of m, ‖M‖ is the 2-norm of matrix M or inner product
of matrix M , R denotes the real space, and R+ denotes the
real positive space. A graph G = (V, E) is defined over a
node set V = 1, ..., n and an edge set E = V × V , which
contains 2-element subsets of V . If {i, j} ∈ E , we call node i
and j adjacent, i.e. i ∼ j. The set of nodes adjacent to i ∈ V
is noted by Ni = {j ∈ V|i ∼ j}. The graph G is undirected
if ij is equivalent to ji. Let every edge ij ∈ E have a real-
valued edge weight aij = aji > 0, and aij = aji = 0
if ij /∈ E . The graph Laplacian matrix of G is defined as
Lij = aij for i 6= j, and Lii = −

∑
j∈Ni

aij .

II. PROBLEM FORMULATION

We start by summarizing the consensus-based integral
control for active power, which was first introduced in [6],
as follows.

A. Consensus-Based Integral Control for Active Power

Consider a distribution system (DS) with n DERs, and the
DS is connected to the transmission system (TS) through the
primary bus. An example is illustrated in Fig. 1, where n = 5
DERs are integrated into DS. At the primary bus, an integral
controller is implemented as

ż0 = kp(Pref − Ptrans), (1)

where Pref ∈ R is the active power reference specified by
TS operator, Ptrans ∈ R is the actual active power flow
measured at the primary bus, and this power is contributed
by power generations of DERs. kp ∈ R+ is the integral gain,
and z0 ∈ R is the output of the integral controller. Let PTs =
[P̄1, ..., P̄n]T ∈ Rn+ denote the vector of maximum power
ratings of all n generators, and let vector z = [z1, ..., zn]T ∈
Rn contain the per unit power generation of each generator.
The actual power generation Ptrans at primary bus can be
written as

Ptrans = Psz + PL, (2)

where PL ∈ R is the load power plus losses. It is worth
mentioning that the DERs are usually enabled by power
electronic converters, which can produce given reference
power within tens of milliseconds. Therefore, it is reason-
able to ignore the internal dynamics of DERs, and assume
instantaneous power generation.

Furthermore, we assume that the n DERs can communi-
cate through a pre-defined undirected and connected graph
G = (V, E), V = {1, ..., n}, with the corresponding graph
Laplacian matrix of L. The consensus control among DERs
can then be described by

żi = kI [βiz0 −
∑
j∈Ni

Lij(zj − zi)− βizi] (3)

Fig. 1: System diagram for active power control on the
distribution system and primary bus.

for i = 1, ..., n. In (3), β is an indicator vector, i.e. elements
insider β all equal to zero except for 1 for those DERs that
will directly receive receive integral control signal z0 from
the primary bus. For example, for system indicated in Fig.
1, β = [0 0 1 0 0]T as DER 3 is the only one receiving
z0. Throughout this paper, we assume that at least one DER
will receive z0 such that β is non-zero. kI is the controller
gain for consensus control. The mechanism of the control
defined in (1) and (3) is that the integral controller at the
primary bus determines a reference signal z0 based on the
deviation of actual power Ptrans from the reference power
Pref . This reference signal z0 is then passed to the DER
defined by β, and through consensus control, propagated to
all the DERs. The DERs can produce corresponding power
so that Ptrans can match the reference power Pref specified
by TS operator.

B. Problem Statement

In these notations, the closed-loop system of the
consensus-based integral control described by (1) and (3)
can be written in matrix form as[

ż0

ż

]
=

[
kp 0
0 kI

] [
0 −Ps
β Lβ

] [
z0

z

]
+

[
Pref − PL

0

]
(4)

where Lβ = L − d(β), and d(β) is the diagonal matrix of
β. Since kp can be normalized by kI through a similarity
transformation, without loss of generality, we consider kI to
be 1.

In [6], the stability analysis for (4) is carried out by
assuming an ideal time-scale separation, namely by assum-
ing kp to be sufficiently small. In this sense, the integral
control signal z0 is viewed as a constant value. With more
renewable integration into the system, Pref may change in
a faster time scale. This weakens the underlying assumption
in this consensus-based control framework, and there is no
guarantee for system stability. To improve this, in this paper
we investigate how to properly choose the integral gain kp
that can guarantee system stability for (4), and furthermore
we provide a rule-of-thumb criterion for choosing kp and
designing the communication topology to achieve fast con-
vergence for the closed-loop system.

III. MAIN RESULTS

The system is equipped with the following property.
Proposition 3.1: State matrix Lβ is Hurwitz.



Fig. 2: System representation of (4) for Theorem 4.1 and 4.2.

Proof: The matrix Lβ is defined by Lβ = L−diag(β).
Here L is a negative semi-definite Laplacian matrix, and its
only zero eigenvalue is at L1 = 0. Note that β is an indicator
vector with non-negative entries. For vector 1, we have

1T [L − diag(β)]1 = 0− 1T diag(β)1 < 0.

For any vector v ⊥ 1, vT [L−diag(β)]v < 0 given vTLv <
0 and −vT diag(β)]v < 0 respectively. This implies Lβ is
negative definite, and hence Hurwitz.

This property is intuitive as Lβ is Hurwitz, the states zi
of the consensus system can then be driven to the external
input z0 at the equilibrium.

The main results in this paper are derived based on the
generalized Nyquist criterion. Consider the system diagram
of (4) shown in Fig. 2, generalized Nyquist criterion can be
summarized in the following theorem.

Theorem 3.2: [8] Given the negative feedback of G(s)
and K(s), if K(s)G(s) has N open-loop poles in the
right half plane (RHP), the closed-loop return ratio [I +
K(s)G(s)]−1 is stable if and only if the Nyquist plot of
det[I + K(s)G(s)] encircles or passes through the origin
exactly N times.

We next show how we utilize generalized Nyquist criterion
[8] to find integral gains kp that can stabilize closed-loop
system (4).

A. Set of Stabilizing Integral Gains kp

A set of integral gains kp that stabilize the system (4) can
be found and characterized as follows.

Theorem 3.3: The closed-loop system (4) is stable if the
integral gain satisfies

kp <
λ2

‖β‖‖Ps‖
, (5)

where λ is the eigenvalue of Lβ with the smallest magnitude,
and ‖β‖ and ‖Ps‖ are two norms of vectors β and Ps.

Proof: To derive the stability condition for (4), we
use the system representation of (4) in Fig. 2, and denote
the plant by G(s) and controller by K(s). Given that the
plant G(s) is asymptotically stable and K(s) has one pole at
imaginary axis, K(s)G(s) does not have any poles on right-
half plane. Therefore, according to Theorem 3.2, (4) is stable
if and only if the Nyquist plot of det[I + K(s)G(s)] does
not encircle or pass through the origin, which is equivalent

to λ[I +K(s)G(s)] 6= 0 for all s, i.e.

λ[kpβP
T
s (s2 − sLβ)−1] 6= −1. (6)

Note that the matrix kpβP
T
s (s2I − sLβ)−1 is a rank-one

matrix, which has only one non-zero eigenvalue. This implies

λ[kpβP
T
s (s2 − sLβ)−1] = kpP

T
s (s2 − sLβ)−1β.

Since Lβ is a real symmetric matrix, we can write its eigen-
decomposition as Lβ = V ΛV T , where Λ = diag(λi)
contains all the eigenvalues λi of Lβ . In this notation and
s = jω, we have

kpP
T
s (s2 − sLβ)−1β = kpβP

T
s V · diag(− 1

ω2 + λ2
i

) · V T

+ j · kpβPTs V · diag(
1

ω

λi
ω2 + λ2

i

)

The expression above partitions kpβPTs (s2I − sLβ)−1 into
real and imaginary parts. To meet the condition (4), we only
need to make sure the real part of the eigenvalue does not
equal to −1, which means

‖kpβPTs V · diag(
1

ω2 + λ2
i

) · V T ‖ 6= −1.

Using triangle inequality, we have

‖kpβPTs V · diag(
1

ω2 + λ2
i

) · V T ‖

≤kp‖βPTs ‖‖V ‖‖diag(
1

ω2 + λ2
i

)‖‖V T ‖

≤kp‖β‖‖Ps‖
1

ω2 + λ2 ≤ kp‖β‖‖Ps‖
1

λ2 .

The condition (6) is satisfied if kp‖β‖‖Ps‖ 1
λ2 < 1. This

leads to (5) in Theorem 3.3.
Remark 1: The intuition of Theorem 3.3 is that it provides

an upper bound for the stabilizing integral gain. The bound
itself is a function of the consensus matrix Lβ , the indicator
vector β for receiving the integral control signal z0, and
the power rating vector Ps of all generators. In practice,
these three quantities are known to the system designer, and
therefore, one can choose a largest and thus fastest integral
gain kp allowed according to the bound, and the resulting
closed-loop system (4) is guaranteed to be stable.

B. Convergence Rate of Closed-Loop System (4)

We next analyze the convergence rate of the closed-loop
system (4). The basic idea of this analysis is that for an
asymptotically stable system g(s) = C(sI−A)−1B+D, the
convergence rate of the system towards the subspace spanned
from the external input signal is bounded by the trajectory
eη1t, where λa,1 = η1 + jε1 < 0 is the eigenvalue of A
closest to the imaginary axis. Without the risk of confusion,
we now denote the state matrix of (4) as

A =

[
0 −kpPs
β Lβ

]
, (7)

where kI is assumed to be 1. We assume that kp satisfies
the stability condition in (5) so that the eigenvalues of A



follows λa,n+1 ≤ · · · ≤ λa,i ≤ · · · ≤ λa,1 < 0, where
λa,i = ηi + jεi, i = 1, ..., n+ 1. With respect to system (4),
we define a set of real scalars σ ∈ (0, λ), where λ as defined
before is the eigenvalue of Lβ with the smallest magnitude.
Now consider the following system[

˙̃z0

˙̃z

]
=

[
σ −kpPs
β Lβ + σI

] [
z̃0

z̃

]
+

[
Pref − PL

0

]
, (8)

which is constructed by replacing the state matrix A with A+
σI in (4). Notice that if (8) is stable, i.e. A+σI is Hurwitz,
system (4) can then be guaranteed with a convergence rate
of σ. With this idea, we can quantify the convergence rate σ
by analyzing the stability of (8). The results are summarized
in the following theorem.

Theorem 3.4: If kp ≤ λ2

4‖β‖‖Ps‖ , an analytical range for
the convergence rate σ of closed-loop system (4) exists and
satisfies

σ ∈
[ |λ|−√λ2−4kp‖β‖‖Ps‖

2
,
|λ|+

√
λ2−4kp‖β‖‖Ps‖

2

]
∩
[
0,−kpP

T
s β

λ̄

]
, (9)

where λ and λ̄ are eigenvalues of Lβ with smallest and
largest magnitudes respectively.

Proof: It can be easily verified that system (8) can be
represented in the feedback form same as in Fig. 2, where
the open-loop plant G̃(s) and feedback controller K̃(s) are
respectively

G̃(s) = (sI − Lβ − σI)−1, K̃(s) = kpβP
T
s

1

s− σ
.

Using this system representation, we can similarly apply
generalized Nyquist criterion to analyze stability. Given that
σ ∈ (0, λ), matrix Lβ + σI is Hurwitz. The transformed
controller K̃(s), however, has one RHP pole at s = σ. As a
result, K̃(s)G̃(s) has one open-loop RHP pole. According to
Theorem 3.2, the closed-loop return ratio [I+K̃(s)G̃(s)]−1,
and therefore closed-loop system (8), is stable if and only if
the Nyquist plot of det[I + K̃(s)G̃(s)] encircles or passes
through the origin exactly one time. Due to the one RHP
pole, the analysis here is more complicated than in Theorem
3.3. Conceptually, as shown in Fig. 3, Theorem 3.3 is derived
by enforcing all eigenloci of λ[K(jω)G(jω)] to lie inside the
unit circle. To bypass the constraint raised by the RHP pole,
we massage the problem into two parts. That is, as shown
in Fig. 3, to enforce all eigenloci of λ[K̃(jω)G̃(jω)] to lie
inside unit circle when ω 6= 0, and to enforce all eigenloci
of λ[K̃(jω)G̃(jω)] to lie outside unit circle when ω = 0.
In this way, it can be guaranteed that the Nyquist plot of
det[I + K̃(s)G̃(s)] passes through the origin exactly one
time at ω = 0. We next derive the condition (9) in two parts
as follows.

First, consider at ω 6= 0, the Nyquist plot of det[I +
K̃(s)G̃(s)] does not encircle or pass through the origin. This
means

λ{kpβPTs [(s− σ)2I − (s− σ)Lβ ]−1} 6= −1 (10)

Fig. 3: Comparison between Eigenloci of λ[K(jω)G(jω)]
from Theorem 3.3 and Eigenloci of λ[K̃(jω)G̃(jω)] from
Theorem 3.4.

for ω 6= 0. The following derivation is similar to Theorem
3.3. Left hand side of (10) further yields

λ{kpβPTs [(s− σ)2 − (s− σ)Lβ ]−1}

=kpP
T
s V · diag(−ω

2 − σ2 − σλi
ω2 + σ2

1

ω2 + (σ + λi)2
) · V Tβ

+ j · kpPTs V · diag(
ω

ω2 + σ2

2σ + λi
ω2 + (σ + λi)2

) · V Tβ.

Condition (10) can be met if

‖kpPTs V · diag(−ω
2−σ2−σλi
ω2+σ2

1

ω2+(σ+λi)2
) · V Tβ‖ < 1.

Using triangle inequality on the norm above, we can find

‖kpPTs V · diag(−ω
2−σ2−σλi
ω2+σ2

1

ω2+(σ+λi)2
) · V Tβ‖

≤ kp‖β‖‖Ps‖‖diag(fi(ω))‖, (11)

where function fi(ω) is defined as

fi(ω) =
ω2 − σ2 − σλi

ω2 + σ2

1

ω2 + (ω + λi)2
.

Given that σ ∈ (0, |λ|) and then σ + λ < 0, it can be easily
verified that fi(ω) is positive for all i = 1, ..., n. We next
find the maximum value of this function. The derivative of
fi(ω) can be written as

f ′i(ω) = − ω

(ω2 + σ2)2[ω2 + (σ + λi)2]2︸ ︷︷ ︸
hi

2ω4 + a1ω
2 + a2︸ ︷︷ ︸

gi

where a1 = −4σ(σ + λi) and a2 = −2σ(σ + λi)[(
√

3σ +√
3

2 λi)
2 + σ2]. Notice that the first part hi is positive when

ω > 0 and negative when ω < 0. The second part gi in
f ′i(ω) is a second-order polynomial. The peak point of gi
is at ω2

∗ = −a14 = σ(σ + λi) < 0 for all i = 1, ..., n. It
should be mentioned that this polynomial is invalid at ω2 < 0
since ω is real. The analysis here, nevertheless, helps us infer
the property of gi over the rational range ω2 ≥ 0. As ω2

increases from ω2
∗, the value of gi increases monotonically.

At ω2 = 0, it can be easily verified that gi = a2 > 0.
Therefore, gi(ω2) > 0 for all ω2 ≥ 0. Another implication
is that the roots of gi are all negative, which are not feasible.
Furthermore, f ′i < 0 when ω > 0, f ′i > 0 when ω < 0, and



f ′i = 0 at ω = 0. This means the maximum of fi(ω) is
obtained at ω = 0, i.e.

fi(ω 6= 0) ≤ fi(0) =
1

σ

1

|λi| − σ
≤ 1

σ

1

|λ| − σ
.

Incorporating the inequality above, inequality (11) can be
further bounded by

kp‖β‖‖Ps‖‖diag(fi(ω))‖ ≤ kp‖β‖‖Ps‖
1

σ

1

|λ| − σ
.

Generalized Nyquist criterion can be satisfied if

−σ2 + |λ|σ − kp‖β‖‖Ps‖ > 0.

If kp ≤ |λ|2
4‖β‖‖Ps‖ , this results in the following closed range

σ ∈
[ |λ|−√λ2−4kp‖β‖‖Ps‖

2
,
|λ|+

√
λ2−4kp‖β‖‖Ps‖

2

]
.

(12)

The closed range (12) is derived by constraining all the
eigenloci of λ[K̃(s)G̃(s)] within the unit circle. In the second
part of the problem, we enforce λ[K̃(s)G̃(s)] > 1, ω = 0 so
that the origin is passed through exactly one time. That is

λ{kpβPTs [(s− σ)2 − (s− σ)Lβ ]−1} ≤ −1,

which at ω = 0 becomes

kpP
T
s [σ2I + σLβ ]−1β ≤ −1. (13)

(13) can be expanded equivalently into

PTs {[σI + Lβ ]−1 +
σ

kpPTs β
I} ≤

PTs {[σI + Lβ ]−1 +
σ

kpPTs β
I}(Ps − β) (14)

We next derive an upper bound for left hand side (LHS) of
(14) and a lower bound for right hand side (RHS) of (14)
to enforce inequality (14). Notice that RHS of (14) is an
asymmetric matrix product, which satisfies

PTs {[σI + Lβ ]−1 +
σ

kpPTs β
I}(Ps − β)

≥− ‖Ps‖‖Ps − β‖σ̄{V · diag(
1

σ + λi
+

σ

kpPTs β
)V T }

≥‖Ps‖2(
1

σ + λ
+

σ

kpPTs β
),

where Lβ = V ΛV T as aforementioned, and σ̄{·} denotes
the largest singular value. The LHS of (14) follows

PTs {[σI + Lβ ]−1 +
σ

kpPTs β
I}Ps ≤ ‖Ps‖2(

1

λ̄
+

σ

kpPTs β
).

Given that σ + λ is negative, the lower bound of the RHS
of (14) is also negative. Therefore, in order to meet (14), the
upper bound of the LHS of (14) should be non-positive, i.e.
1
λ̄

+ σ
kpPT

s β
≤ 0. This leads to the condition

0 ≤ σ ≤ −kpP
T
s β

λ̄
. (15)

Under condition (15), inequality (14) can be satisfied if the
upper bound of the LHS of (14) is smaller than the lower
bound of the RHS of (14), i.e.

‖Ps‖2(
1

λ̄
+

σ

kpPTs β
) ≤ ‖Ps‖2(

1

σ + λ
+

σ

kpPTs β
). (16)

Note that condition (15) is also equivalent to

σ

kpPTs β
≤ − 1

λ̄
.

Therefore, (16) holds if furthermore

1

λ̄
+

σ

kpPTs β
≤ 1

λ̄
− 1

λ̄
= 0 ≤ 1

σ + λ
+

σ

kpPTs β
,

which boils down to a second-order polynomial

σ2 + λσ + kpP
T
s β ≤ σ2 + λσ + kp‖Ps‖‖β‖ ≤ 0.

Since kp ≤ |λ|2
4‖β‖‖Ps‖ , (16) has an analytical

closed-range solution, and holds for all σ ∈
[
|λ|−
√
|λ|2−4kp‖β‖‖Ps‖

2 ,
|λ|+
√
|λ|2−4kp‖β‖‖Ps‖

2 ]. Notice
this range is same as in (12). Summarizing (12) and (15)
completes the proof.

Theorem 3.4 provides an analytical range for the conver-
gence rate of the closed-loop system (4). Nevertheless, it
should be emphasized that maximum σ quantified (9) does
not bound the actual convergence rate, but is contained within
the actual convergence rate of (4). As shown in (9), the
largest possible convergence rate σ depends on the smallest
between upper limit of the two sets. The largest upper limit
of the first set is |λ| when kp = 0, and reduces to |λ|

2

when kp reaches |λ|2
4‖β‖‖Ps‖ . Regardless of the value of kp,

this upper limit is dominated by the value of |λ|. On the
other hand, the upper limit of the second set is proportional
to the gain kp, and is inverse proportional to |λ̄|. Given these
characteristics, we provide a rule-of-thumb for designing the
consensus-based integral control (4) that can achieve stability
and fast convergence.

Remark 2: Rule-of-thumb for fast convergence rate -
1. Choose a largest possible integral gain kp allowed by
Theorem 3.3, and 2. Employ a communication topology G
that has larger λ and smaller λ̄ for its Laplacian matrix Lβ .

IV. NUMERICAL EXAMPLE

We first illustrate the main results presented in this paper
through a simple numerical example. Consider total 5 DERs
at the distribution system, and the DERs can communicate
with each other through topology 1 shown in the Fig. 4. Con-
sider unitary edge weights for the graph, the corresponding
Laplacian matrix is

L1 =


−2 1 0 1 0
1 −2 1 0 0
0 1 −2 1 0
1 0 1 −3 1
0 0 0 1 −1





The integral control signal z0 is fed into DER 2, meaning
b1 = [0, 1, 0, 0, 0]T . The power ratings for DERs are ran-
domly generated to be

Ps =
[
0.0004 0.0012 0.0067 0.0876 0.0872

]
The unit of Ps is mega-Watt so that the ratings in Ps are in
kilo-Watt range, which is practical for DERs. We first verify
the stability condition from Theorem 3.3. The integral gain
is chosen as kp = λ2

1.01‖β‖‖Ps‖ = 0.1432, which satisfies
condition (5). With this integral gain, the resulting closed-
loop system (4) is stable, i.e. the eigenvalues of closed-loop
matrix A are in the left half plane, i.e.

λ(A)={−0.038,−0.0921,−1.0034,−2,−3.2117,−4.6549}.

If we choose kp = 0.1432×50, which violates the condition
(5), the closed-loop system becomes unstable, and has two
unstable eigenvalues at 0.0051 + j0.3932 and 0.0051 −
j0.3932.

For kp = 0.1432, the convergence rate of the closed-loop
system is 0.038, which is the magnitude of the smallest
eigenvalue of A. The upper limit of the convergence rate
σ quantified by Theorem 3.4 is 0.000384, which falls within
the actual rate 0.038. Seemingly loose as σ may be, the
impact of Theorem 3.4 is that it provides a rule-of-thumb
for designing the consensus topology in order to increase the
convergence rate. To demonstrate this, we consider a revised
consensus system using topology 2 in Fig. 4. Compared to
topology 1, topology 2 has one additional link between DER
1 and DER 5, and DER 1 is also receiving signal z0. The
resulting Laplacian matrix L2 and vector b2 are

L2 =


−3 1 0 1 1
1 −2 1 0 0
0 1 −2 1 0
1 0 1 −3 1
1 0 0 1 −2

 , b2 =


1
1
0
0
0

 .
This revised Laplacian L2 has smaller gap between |λ̄| and
|λ| than L1, i.e.

λ̄[L2 − d(β2)]

λ[L2 − d(β2)]
<
λ̄[L1 − d(β1)]

λ[L1 − d(β1)]

According to Remark 2, the topology 2 should yield faster
convergence. Consider the same power rating Ps as before,
and same formula for kp = λ2

1.01‖β‖‖Ps‖ . The closed-loop
system is stable, and the closed-loop eigenvalues are

λ(A)={−0.1466± j0.148,−1.61,−3.01,−3.82,−5.27}.

The actual convergence rate here is 0.1466, which is signif-
icantly faster than 0.038 of topology 1.

Furthermore, we verify Theorem 3.3 and Theorem 3.4
via a large number of randomized numerical cases. On the
distribution system side, we consider n = 2, . . . , 1001 DERs,
where for each case of n, 20 random network topologies L
and the power rating vector Ps are generated and tested. The
network topologies are all undirected and connected. This
makes up 20000 testcases, and we consider DER 1 to be the

Fig. 4: Two topologies for consensus control

receiving node of z0 for all cases. To verify Theorem 3.3,
the integral gain kp is calculated from the upper bound in (5)
divided by 1.01, similar as above, so that (5) always hold.
For all 20000 testcases, the resulting closed-loop systems are
all asymptotically stable. To verify Theorem 3.4, the integral
gain kp is selected as kp = |λ|2

4‖β‖‖Ps‖ . For all 20000 testcases,
the resulting closed-loop systems (4) are all asymptotically
stable, and the maximum σ given by (9) are all contained
within the actual convergence rate of the system.

V. CONCLUSION

In this paper we developed a stability condition for the
consensus-based integral control for controlling active power
flow between transmission and distributions systems. The
stability condition is quantified by a set of integral gains
that guarantee closed-loop stability. An analytical range for
the convergence rate of the control was derived, and a rule-
of-thumb criterion was provided to guide the design of
consensus topology to improve convergence.
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