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Abstract—A novel, unified control design is proposed
for software-defined inverters (SDIs) to operate in either
grid-forming (GFM) or grid-following (GFL) mode in AC
grids/microgrids and to switch between the two modes seamlessly.
The proposed GFM and GFL controls are systematically devel-
oped and analytically synthesized based on the dynamic state
space models of the inverter, its output filters, and its terminal
voltage and current at the AC grid/microgrid. The proposed GFM
and GFL controls have, a) a nonlinear nominal output tracking
control as the seed design, and b) a constraint-enforcing control.
The GFM nominal control tracks frequency, voltage-magnitude
and angle, while the GFL nominal control tracks frequency as
well as real and reactive power references. Tracking of either
GFM or GFL output vector is ensured under the recursive Lya-
punov design paradigm, naturally resulting in consistent current
control laws as the inner loop control. This paradigm allows
the implementation of constraint-enforcing control that ensures
that the frequency, voltage, and power injections dynamically
satisfy their operational constraints in the presence of load
variations and intermittent renewable power sources. Stability
and convergence of the proposed GFM and GFL controls, and
constraint enforcement are concluded analytically, and their
effectiveness is demonstrated through simulations.

Index terms: Grid-forming control, grid-following control,
constraint-enforcing control, microgrid, phase angle control,
frequency regulation, voltage regulation, power tracking, and
operational constraints.

I. INTRODUCTION

THE transition of the modern electric power industry from
traditional fossil fuels to sustainable resources calls for

a more distributed structure that heavily integrates renewables
of wind, solar, and other distributed energy resources (DERs).
In the near future, millions of power-electronic devices [1]
are expected to actively regulate and maintain system volt-
ages and frequency, in comparison with the current operation
that frequency and voltages are controlled using synchronous
machines (SMs) through centralized control. Hence, inverter
control of DERs has become a critical question for the
operation of next-generation power systems [2]–[4].

Almost all the existing grid-connected inverters are cur-
rently operated in the grid-following (GFL) mode, and they do
not directly control the voltage and frequency of the grid. They
only inject power in a well-established, stable AC system, and
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accordingly are sometime referred to as ‘free-riders’ in terms
of grid stability. In a microgrid setting, GFL DERs cannot
establish the AC voltage themselves, and microgrid frequency
and voltage are to be maintained by the SMs. To overcome
these restrictions, grid-forming (GFM) control needs to be
developed for DERs so an AC grid can be formed with stable
voltage and frequency with or without SMs. As a result, GFM
control has drawn tremendous research attention recently [5]–
[7].

In a conventional inverter control design, two separate
controls, referred to as voltage and current control loops, are
chosen to be proportional-integral (PI) laws. The PI controls
together with their references are not analytically derived
but are tuned according to their operational conditions. This
conventional design used in numerous papers involve droop
curves [8]. As a continuation, a droop-based GFM control is
proposed in [9], [10]. These droop designs linearly couple
the references of voltage amplitude and frequency to real-
power and reactive-power outputs, respectively. It is shown
that, if the PI gains are tuned properly and droop curves
are chosen appropriately, the droop-based controls can yield
good transient responses under disturbances. To minimize the
deviation from the grid reference values, droop-based controls
are used as the primary control, and they will be assisted by
a secondary control and, if needed, a tertiary control in their
grid or microgrid implementation [11], [12]. The droop curves
are typically chosen according to what are observed in the
grid dominated by synchronous machines. Closely related is
the so-called the virtual synchronous machine control [13]–
[16] which aims to mimic the inertia of SMs. Since these
controls depend upon tuning with respect to specific operating
conditions, the challenge is how to properly tune the control
parameters when there are many DERs in a large-scale power
system, as the control gains and references tuned under one
setting would not likely work under a different setting.

There have been more promising designs of GFM controls,
in particular, direct nonlinear control designs. One such design
is the so-called virtual oscillator controller (VOC) [17], [18]
using the oscillator synthesis theory [18], and it achieve
synchronization for parallelly-connected VOC inverters. A
unified virtual oscillator controller design is proposed in [19],
which enables a unified analysis, design, and implementation
framework for both GFM and GFL. It is stated in [20], [21]
that several issues, such as the harmonic currents from the
oscillators and from the AC network as well as disperse
DERs with VOCs, need to be further studied. Alternatively,
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Fig. 1. The proposed grid-form/grid-following primary control block diagram

a direct Lyapunov design of GFM design is initiated in [22],
and the basic framework is extended in this paper to allow
both GFM and GFL controls as well as their transitions.
More importantly, the Lyapunov design can enforce the grid
operational constraints, which is a critical feature absent in all
of the other approaches.

In this paper, we propose to develop a closed-form nonlinear
vector control with respect to the whole output vector (of
either GFM or GFL operation) and together with the ability
of imposing constraints on the input, the output, and the state.
The proposed design is analytical and in a closed form in terms
of the model of the inverter, its output filter, and the locally-
measurable voltage/current variables of the AC network [23].
And it enables and unifies both GFM and GFL modes:
its GFM-mode control provides frequency synchronization
and voltage/frequency regulation, and its GFL-mode control
regulates active and reactive power injections. The model-
based analysis and design allows us to explicitly account
for all the constraints of grid operation, and a constraint-
enforcing control [24] is synthesized to dynamically meet all
operational constraints. The unified GFM/GFL control works
with nonlinearly designed secondary controls [25]–[29] which
generate the voltage, angle, and frequency references by using
a distributed subgradient method.

II. PROBLEM FORMULATION AND SYSTEM MODEL

The primary objective of the paper is to design unified
control for software defined inverters (SDIs) to operate in
either GFM or GFL mode in AC grids/microgrids and to
switch between the two modes. As shown in figure 1, the
proposed control consists of the three functional blocks:
• The first block imposes operational constraints on the

following input signals received: reference voltage magni-
tude V rk , reference angle δrk, and reference frequency ωrk.
In addition, it also imposes DC power constraint Pmaxdc

as Pdc ≤ Pmaxdc , which makes the control practical for
distributed energy resources (DERs).

• The nominal control block contains two tracking control
laws: The first, nominal phasor tracking control can
be switched between grid-forming (GFM) control uk,v
and grid-following (GFL) control uk,pq . GFM control
uk,v is a voltage tracking control designed to make
output voltage Vk follow voltage reference V rk , while
GFL control is power tracking control uk,pq synthesized
for Pk and Qk to follow their reference values of P rk

and Qrk, respectively. The second tracking control is
frequency/angle tracking control ωk,c that is designed for
a GFM inverter to make ωk and δk,o track ωrk and δrk,
respectively. When an SDI is operated in the GFL mode,
its frequency control ωk,c tracks the reference frequency,
but there is no angle tracking involved.

• Based on the nominal phasor tracking control uk,c, the
actual phasor tracking control uk is synthesized to be the
optimal projection of uk,c onto the admissible set of all
controls that meet all the state (and output) constraints
in terms of frequency, voltage, active power, reactive
power, and q-component of the output voltage. To meet
the simpler constraints on frequency, a projection is built
into the design of ωk,c.

In the following discussions, physical variables Vk, δk, ωk,
Pk, Qk as well as controls ωk,c and uk are explained, and their
dynamic models are summarized for the subsequent design
and analysis. First, three-phase time functions such as control
input signals and physical variables of voltages and currents
are transformed into the dq0 frame (which rotates with angular
velocity ωk,c and covers angular distance θk,o = ωk,ct = ωkt).
Specifically, for the kth inverter,

uk
4
= [uk,d, uk,q, uk,0]> = Tdq(θk,o)uk,abc(t),

ik,∗
4
= [ik,∗d, ik,∗q, ik,∗0]> = Tdq(θk,o)ik,∗,abc,

vk,∗
4
= [vk,∗d, vk,∗q, vk,∗0]> = Tdq(θk,o)vb,∗,abc,

where ∗ denotes the specific location in the circuit, subscripts
d, q and 0 denote the corresponding d component, q compo-
nent, and 0 component, respectively; vk,o is the output voltage
at the connecting bus, and the dq0 transformation matrix is
given by

Tdq0(θk,o) =
2

3

[
sin(θk,o) sin(θk,o − 2π

3
) sin(θk,o + 2π

3
)

cos(θk,o) cos(θk,o − 2π
3

) cos(θk,o + 2π
3

)
1
2

1
2

1
2

]
.

Once the control uk,c is designed, the control output to the
PWM generator of the inverter is the three-phase time function
provided by

uk,abc(t) = T−1dq0(θk,o)[uk,d, uk,q, uk,0]>.

In the rest of this paper, the power system is assumed to be
balanced for simplicity of derivations. Hence, all the phasor
vectors are reduced to be two dimensional as their zero-
sequence components always equal to zero.
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A unique feature is that the proposed design also accommo-
dates grid-following (GFL) control in such a way that there
is a smooth transition between GFM and GFL operations. In
other words, the proposed control enables a software defined
inverter (SDI) to operate in either the GFM mode or GFL mode
as well as to switch between them. Furthermore, the opera-
tional constraints on frequency, voltage and power injections
are enforced in both the operation modes. Accordingly, the
proposed control is an integrative design that interprets and
realizes both GFM and GFL design objectives in a unified
manner.

A. Models of SDI and Its Output Filter

To illustrate the proposed control design, we choose to use
the following simplified dynamic model of the inverter; that is,
the inverter output voltage/frequency follow their input signals
as follows:

vk,s =
vk,dc

2
uk, (1)

δ̇k,o = ωk − ω0, (2)
ωk = ωk,c, (3)

where ωk,c is the frequency control signal, vk,s is the switching
voltage output in the dq0 frame, δk,o is the phase angle and uk
is the voltage control input in the dq0 frame. In other words,

vk,s =

[
vk,sd
vk,sq

]
, uk =

[
uk,d
uk,q

]
.

Should a dynamic model of inverter’s electromagnetic tran-
sient (EMT) be available as illustrated in [30], [31], the pro-
posed design method can be readily applied by incorporating
the model into the design via the standard recursive design
process [32], [33].

Fig. 2. Inverter model

The inverter and its output LCL filter are shown in figure
2. For the kth SDI, its output LCL filter has the following
vector-form, state space model in the dq0-frame:

dik,o
dt

= Ak,11ik,o +Ak,12vk,o +Dk,1vk,b (4)

dvk,o
dt

= Ak,21ik,o +Ak,22vk,o +Ak,23ik,s (5)

dik,s
dt

= Ak,32vk,o +Ak,33ik,s +Bk,3uk, (6)

where

ik,s = [ik,sd ik,sq]
>, vk,o = [vk,od vk,oq]

>,

ik,o = [ik,od ik,oq]
>, uk = [uk,d uk,q]

>,

Ak,11 =

[
−Rk,c

Lk,c
ωk

−ωk −Rk,c

Lk,c

]
, Ak,12 =

1

Lk,c
I2×2,

Ak,21 = − 1

Ck,f
I2×2, Ak,22 =

[
0 ωk
−ωk 0

]
,

Ak,32 = − 1

Lk,f
I2×2, Ak,33 =

[
−Rk,f

Lk,f
ωk

−ωk −Rk,f

Lk,f

]
,

Dk,1 = −Ak,12, Ak,23 = −Ak,21, Bk,3 = −vk,dc
2

Ak,32.

When connected to the grid, the output voltage magnitude,
and the instantaneous active and reactive powers of each
inverter are the critical variables defined as follows:

Vk,o = ‖vk,o‖, (7)

Pk =
3

2
(vk,odik,od + vk,oqik,oq) =

3

2
i>k,ovk,o, (8)

Qk =
3

2
(vk,oqik,od − vk,odik,oq) =

3

2
i>k,oHqvk,o, (9)

where Hq =

[
0 1
−1 0

]
. It follows from (4) to (6) that the

output vectors of Vk,o, Pk, and Qk are all of relative degree
two; please see [32] for the definition of relative degree.

B. AC Network Model

The load flow equations of the network are expressed
in terms of the DER injections and corresponding reduced-
order network model. Specifically, let the injection buses be
the middle node of the LCL filter at each SDI, and all
other components in the network are eliminated by using the
Kron reduction. The corresponding admittance matrix for the
remaining buses is denoted by Y. Assuming the loads are
constant impedances, the real and reactive power injections at
bus k = 1, . . . , Ng can be written as

Pk = Vk,o

ng∑
j=1

Vj,o
(
Gkj cos δkj +Bkj sin δkj

)
(10)

Qk = Vk,o

ng∑
j=1

Vj,o
(
Gkj sin δkj −Bkj cos δkj

)
, (11)

where Gkj and Bkj are the real and imaginary parts of the
element in Y.

C. Operational Constraints

Among the unique features is that the proposed control
is designed using the state space model so the whole state
and output vectors can meet their operational constraints
simultaneously. In particular, the operation of GFM and GFL
inverters is generally constrained by the following two sets
of conditions: the regulation requirements on voltages and
frequency, and the state and output limits of SDIs.
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The frequency and voltage constraints on the SDI operation
are:

ωk ∈ [ω0(1−∆ω), ω0(1 + ∆ω)]
4
= [ω, ω] (12)

Vk,o ∈ [V0(1−∆V ), V0(1 + ∆V )]
4
= [V , V ], (13)

|vk,sq| ≤
2V0εv
vk,dc

(14)

where εv > 0 is a design parameter of q-axis voltage, ∆ω and
∆V > 0 are the maximum tolerance of frequency and voltage
derivations (typically 5%), respectively. εv > 0 being a very
small quantity ensures near perfect grid voltage orientation of
the dq-frame at all times.

The current limits are typically the capacity constraints on
SDIs:

Ik,o = ‖ik,o‖ ≤ Ik, (15)

where Ik = Sk/Vk,o is the current limit. However, to ensure
safe operation during fault conditions, hard limits for current
must be imposed. SDI’s output power constraints are denoted
by

P k(t) ≤ Pk ≤ P k(t) (16)

−Qk(t) ≤ Qk ≤ Qk(t) =

√
S
2

k − P 2
k (t). (17)

For PV inverters, P k(t) = P ∗k,dc(t), where P ∗k,dc(t) is the DC
power output under MPPT control, and P k(t) = 0. For storage
devices, P k(t) can assume a negative value.

III. GRID-FORMING PRIMARY CONTROL DESIGN

In this section, the proposed primary control design for grid-
forming SDIs is performed in three steps. First, a tracking
control is designed for both phasor angle and frequency to
track their reference values. Then, a voltage tracking control
is designed to establish the grid voltage. These two tracking
controls are followed by a constraint-enforcing control to
ensure all the operational limits are observed. Finally, the
performance of proposed GFM primary control is concluded.

A. Primary Control for Angle and Frequency Tracking

The frequency primary control, denoted by ωk,c, aims to
make ωk and δk,o track ωrk and δrk, respectively, while satis-
fying constraint (12). The proposed design and its asymptotic
stability are provided by lemma 1.

Lemma 1. Any given reference angle and frequency, δrk and
ωrk satisfying inequality (12), are effectively and asymptotically
tracked if the control ωk,c is chosen in the form of

ωk,c = SAT[ω, ω] (ω̂k,c) ,

ω̂k,c = ω0 −
∫ t

tk,0

[2γwk
(ωk − ωrk) + γ2wk

(δk,o − δrk)]dt (18)

where γwk
is a small positive gain, and SAT[ω, ω] is the

saturation function with the limits ω/ω.

Proof: It follows from (3) and (18) that

δ̈k,o =
d

dt
(ωk,c − ω0)

= −2γwk
(ωk − ωrk)− γ2wk

(δk,o − δrk)

= −2γwk
δ̇k,o − γ2wk

(δk,o − δrk)− 2γwk
(ω0 − ωrk),

which shows critically-damped asymptotic convergence pro-
vided that ωrk converges to ω0, which is ensured by an
appropriate secondary control design. �

It is clear that the proposed control always satisfies opera-
tional constraint (12) on frequency.

B. Voltage Tracking Control

The phase angle δk,o is controlled by (18) so it can track
its reference δrk, and consequently the d-axes of the inverter
voltage uk,d is always in phase with vk,o. With the references
of the phase angle and magnitude determined, we can set
vrk,oq = 0 and hence have

vrk,o =

[
vrk,od
vrk,oq

]
=

[
V rk
0

]
. (19)

It follows from (4) to (6) that the equilibrium of the system
is as follows:

0 = Ak,11i
r
k,o +Ak,12v

r
k,o +Dk,1v

r
k,b (20)

0 = Ak,21i
r
k,o +Ak,22v

r
k,o +Ak,23i

r
k,s (21)

0 = Ak,32v
r
k,o +Ak,33i

r
k,s +Bk,3u

r
k, (22)

where vrk,b is to be measured, and vrk,o is given in (19); so the
rest reference vectors, irk,o, i

r
i,s and urk, are determined but only

for the purpose of convergence analysis. Using the feedback
linearization technique [32], the following lemma shows how
to choose uk,c such that vk,o tracks its reference vector vrk,o.

Lemma 2. Suppose that the reference output voltage vector
vrk,o is set by (19). Then, vrk,o can be tracked by vk,o under
the voltage tracking control uk,c = uk,v , where

uk,v =−B−1k,3
[
Ak,32[(1− λ)vk,o + λvrk,o] +Ak,33ik,s

+γk,is(ik,s − ick,s)−
dick,s
dt

]
, (23)

γk,vo, γk,is > 0 are control gains,

ick,s =−A−1k,23 [Ak,21ik,o +Ak,22vk,o

+γk,vo(vk,o − vrk,o)−
dvrk,o
dt

]
, (24)

dick,s
dt

=−A−1k,23

[
Ak,21

dik,o
dt

+(Ak,22 + γk,vo)
dvk,o
dt
−
d2vrk,o
dt2

]
, (25)

λ ∈ [0, 1], and dik,o/dt and dvk,o/dt are given by (4) and
(5), respectively.

Proof: For the kth inverter, define current and voltage tracking
errors

eio = ik,o − irk,o, evo = vk,o − vrk,o,
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evb = vk,b − vrk,b, eis = ik,s − irk,s.

It follows from the equations (4) up to (6) as well as (20) up
to (22) that

ėio = Ak,11eio +Ak,12evo +Dk,1evb

ėvo = Ak,21eio +Ak,22evo +Ak,23eis

ėis = Ak,32evo +Ak,33eis +Bk,3(uk,c − urk).

Substituting (23), (24) and (25) into the last two equations
yields: letting e′is = ik,s − ick,s,

ėio = Ak,11eio +Ak,12evo +Dk,1evb (26)
ėvo = −γk,voevo +Ak,23e

′
is (27)

ė′is = λAk,32evo − γk,ise′is, (28)

which is exponentially stable because matrix[
−γk,voI Ak,23
λAk,22 −γk,isI

]
can be shown using Schur complement to be Hurwitz for any
γk,vo, γk,is > 0, λ ∈ [0, 1], and Lk,f , Ck,f > 0, and because
matrix Ak,11 is Hurwitz. The feedback structure [33] allows
us to conclude asymptotic stability for first eis and evo, and
then eio. �

For any bounded choice of V rk,o in (19), lemma 2 provides
a voltage tracking control uk,c that makes the voltage tracks
V rk,o. Note, that frequency and voltage dynamics are naturally
coupled through model (4) to (6), specifically, the frequency
explicitly appears in sub-matrices Ak,11 to Ak,33. Once the
frequency control is designed (such as equation (18) in lemma
1), the voltage control (such as equations (23) to (25) in
lemma 2) compensates for the dynamic coupling, and hence
the stability has been proved for the overall coupled system
through their decoupled error subsystems.

However, the tracking control does not guarantee that the
voltage limits are observed dynamically, nor are other con-
straints such as power and current limits. How to enforce these
operational constraints is the subject of the next subsection.

C. Constraint-Enforcing Control Design

Voltage tracking control (23) needs to be enhanced to ensure
the real-time operational constraints of (13), (14), (15), (16),
and (17). Note that frequency limit (12) has already been
met by the frequency tracking control. The optimized state-
constrained control design principle presented in [22], [24]
and [34] can be applied to design the primary control to meet
the operational constraints.

To illustrate the basic idea, lets consider the first-order
scale system of ẏ = u. Using the Lyapunov argument, it
is straightforward to show that output y stays within its
regulation limits y ≤ y ≤ y under the control u satisfying
inequality −(y−y) ≤ u ≤ −(y−y), as illustrated by fig 3. By
applying the above idea, we obtain the following theorem on
how to choose control uk to meet all the real-time operational
constraints on inverter state variables.

Theorem 1. Constraints (13) up (17) are all met for all
the time (after the initial grid forming period or the initial

Fig. 3. Illustration of constraint-enforcing control

transient due to any major power network change) if control
uk is chosen to satisfy the following element-wise inequalities
written in the matrix form:{
Gk,vuk + Ek,v ≤ 0
Gk,vuk +Mk,v ≥ 0

,

{
Gk,quk + Ek,q ≤ 0
Gk,quk +Mk,q ≥ 0

, (29){
Gk,Puk + Ek,P ≤ 0
Gk,Puk +Mk,P ≥ 0

,

{
Gk,Quk + Ek,Q ≤ 0
Gk,Quk +Mk,Q ≥ 0

, (30)

where matrices Gk,v , Gk,q , Gk,P , Gk,Q, Ek,v , Ek,q , Ek,P ,
Ek,Q, Mk,v , Mk,q , Mk,P , and Mk,Q are provided in the
appendix.

Proof: Consider the following second-order scalar differential
equations:

ẋ1 = f1(x1) + g1(x1)x2, ẋ2 = f2(x1, x2) + g2(x1, x2)u,

where gi(·) are invertible. The control objective is to ensure
x1(t) ∈ [c, c] for some constants c, c.

Defining x̃1 = x1 − c + ε, we know that, for some time
function η(t) ≤ 0, differential equation/inequality

¨̃x1 + (β1 + β2) ˙̃x1 + β1β2x̃1 = η(t) ≤ 0 (31)

holds if control is chosen according to the following inequal-
ity: for any constant gains β1, β2 > 0 with β1 6= β2,

u ≤ g−12 g−11 [−ḟ1 − ġ1x2 − g1f2 − (β1 + β2)ẋ1 − β1β2x̃1].
(32)

Solving the differential equation in (31) yields

x̃1(t) =
β1x̃(t0) + ˙̃x(t0)

β1 − β2
e−β1(t−t0)

+
β2x̃(t0) + ˙̃x(t0)

β2 − β1
e−β2(t−t0) +

∫ t

t0

h(t− τ)η(τ)dτ

≤β1x̃(t0) + ˙̃x(t0)

β1 − β2
e−β1(t−t0)

+
β2x̃(t0) + ˙̃x(t0)

β2 − β1
e−β2(t−t0),

where L is the operator of Laplace transform, and h(t) =
L−1{(s2 + (β1 + β2)s+ β1β2)−1} ≥ 0. The above inequality
means that, if x1(t0) ≤ c and ˙̃x(t0) ≤ 0, x1(t) ≤ c for all
t ≥ t0 and that, if otherwise, x1(t) ≤ c after a finite time
period.
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By defining x̃′1 = x1−c−ε, we can similarly show x1(t) ≥
c after a finite time period if control is chosen according to
the following inequality:

u ≥ g−12 g−11 [−ḟ1 − ġ1x2 − g1f2 − (β1 + β2)ẋ1 − β1β2x̃′1].
(33)

The above argument is consecutively applied to Vk,o, uk,
Pk, Qk, Ṗk, and Q̇k, as follows. First, it follows from (7),
(5), (4) and (6) that V 2

k,o = v>k,ovk,o and

V̈k,o =− 1

V 3
k,o

(v>k,ov̇k,o)
2 +

1

Vk,o
v̇>k,ov̇k,o +

1

Vk,o
v>k,ov̈k,o

=− (βv1 + βv2)V̇k,o − βv1βv2Vk,o +Gk,vuk + Fk,v,
(34)

where Gk,v and Fk,v are given by (A.1) and (A.5), respec-
tively. Applying the argument to (34) yields the inequalities
associated with Gk,v in (29) to ensure constraint (13).

As to constraint (14), it can be directly applied to control
uk as the inequalities associated with Gk,q in (29).

Next, it follows from (8) that

P̈k =
3

2

[
v>k,o

d2ik,o
dt2

+ 2
di>k,o
dt

v̇k,o + i>k,ov̈k,o

]
=− (βp1 + βp2)Ṗk − βp1βp2Pk +Gk,Puk + Fk,P , (35)

where Gk,P and Fk,P are given by (A.2) and (A.6), respec-
tively. Applying the argument to (35) yields the inequalities
associated with Gk,P in (30) to ensure constraint (16). Simi-
larly, it follows from (9) that, together with (A.3) and (A.7),
the inequalities associated with Gk,Q in (30) ensure constraint
(17). This completes the proof. �

Several interesting points are worth noting here. First,
inequalities Gk,vuk+Ek,v ≤ 0 and Gk,vuk+Mk,v ≥ 0 ensure
that both the upper and lower limits on voltage are maintained
and hence, by gradually tightening the upper and lower bounds
on the voltage over time to the operational point, another grid-
forming voltage control is obtained. In other words, compared
to the previous voltage tracking control design, the constraint-
enforcing voltage control design is more general (since the
upper and lower bounds provide more flexibility in the control
outcome and requires no solution to the equilibrium) and has
better performance (as, by using time-varying upper and lower
bounds, the whole voltage profiles over time can be shaped,
not just the steady state value of asymptotic stability). Second,
constraint-enforcing control design is multi-objective because,
in addition to voltage constraints, power constraints can be
imposed. Third, additional operational constraints could be
incorporated into the control design in the same way.

D. Grid-Forming Primary Control

Since grid forming means both establishment of an ap-
propriate grid voltage and fulfilment of all the operational
constraints, we propose the following grid-forming control in
theorem 2 whose proof is simply the combination of lemma
2 and theorem 1.

Theorem 2. If the DERs’ total power is no less than the total
load in a microgrid, grid forming is ensured and operational

constraints (13) up (17) are all met for all the time (after the
initial grid forming period or the initial transient due to any
major power network change) if the inverter control is chosen
according to the following real-time quadratic optimization:

arg min
uk

‖uk − uk,c‖2 subject to (29) and (30), (36)

with uk,c being uk,v in (23).

Note that the solution to the real-time optimization problem
is very straightforward as it is either uk,c or its projection
of uk,c onto the admissible set represented by the linear
inequalities in (29) and (30) (should uk,c be outside the
admissible set).

IV. UNIFIED GFM/GFL PRIMARY CONTROL DESIGN

In this section, a primary control is designed for GFL SDIs,
and the proposed design uses the identical design logic and
involves the same control blocks. The only difference is to
replace the voltage tracking control by an active/reactive power
injection tracking control. This enables unification of GFM and
GFL primary controls as well as the two simplified versions
of GFL primary controls.

A. Power Tracking Control

Lemma 3. Power injection references P rk and Qrk can be
tracked by Pk and Qk respectively under the following power
tracking control uk,pq:

uk,pq = −B−1k,3
[
Ak,32vk,o +Ak,33ik,s+

+γk,is(ik,s − ick,s)−
dick,s
dt

]
, (37)

where γk,pq, γk,is > 0 are control gains,

ick,s = −G−1k,pq {Fk,pq + γk,pqepq} , (38)

Fk,pq =
3

2

[
v>k,o

v>k,oH
>
q

]
(A11ik,o −A12A

−1
22 (A21ik,o − v̇k,o)

+D1vk,b) +
3

2

[
i>k,o
i>k,oHq

]
v̇k,o, (39)

Gk,pq = − 3

2

[
v>k,o

v>k,oH
>
q

]
A12A

−1
22 A23. (40)

Proof: For the kth inverter, let epq be the vector of active and
reactive power tracking errors defined as

epq = [(Pk − P rk ) (Qk −Qrk)]
>
. (41)

It follows from (8) and (9) that

ėpq =
3

2

[
v>k,o

v>k,oH
>
q

]
i̇k,o +

3

2

[
i>k,o
i>k,oHq

]
v̇k,o,

= Fk,pq +Gk,pqik,s (42)

Let eis = ik,s− ick,s. Using the definition of ik,s and ick,s from
(42) and (38), respectively, we have

ėpq = −γk,pqepq +Gk,pqeis
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Substituting (37) into (6) we have,

ėis = −γk,iseis

Choosing ick,s as (38) guarantees that eis converges to 0,
following which, epq asymptotically converges to 0 for any
choices of γk,pq, γk,is > 0 such that γk,pq < γk,is. �

B. Constraint-Enforcing Grid-Following Control

GFL SDIs not only must satisfy power constraints but
also can contribute to voltage and frequency regulation. The
following theorem provides such a GFL control that provides
active and reactive power injection while observing all the
operational constraints, and its proof is a combination of
lemma 3, theorem 2, and theorem 1.

Theorem 3. Operational constraints (13) up (17) are met by a
mix of GFM and GFL SDIs if the GFL SDIs have their controls
determined according to the real-time quadratic optimization
(36) with uk,c being uk,pq defined by (37).

C. Simplification of GFL and GFM Controls

Control (37) requires dick,s/dt which is given by

dick,s
dt

= G−1k,pqĠk,pqG
−1
k,pq[Fk,pq + γk,pqepq]

−G−1k,pq
{
Ḟk,pq + γk,pq[Fk,pq +Gk,pqik,s]

}
, (43)

where epq is defined by (41). If grid forming inverters are
present nearby to control and maintain the voltages (or if
reactive power of the GFL SDI is controlled to maintain its
terminal voltage), it is reasonable to assume that vk,o is ap-
proximately constant. This observation leads to the following
simplified calculation of Ḟk,pq and Ġk,pq:

Ḟk,pq ≈
3

2

[
v>k,o

v>k,oH
>
q

]
((A11 −A12A

−1
22 A21)i̇k,o +D1v̇k,b),

Ġk,pq ≈ 0.

which together with v̇k,o ≈ 0 yields a simplified version of
control (37).

Both GFM and GFL designs share the same current tracking
loop, in particular, the recursive design process makes both
voltage tracking control (23) and power injection tracking
control (44) contain the term of dick,s/dt whose expression
of either (25) or (43) is involved but whose steady state value
should be zero. Since the transient limits are maintained by the
state constraint enforcement control block, the term dick,s/dt
can be ignored in both (23) and (37) without sacrificing any
transient performance.

D. Feedforward Power Tracking Control

Power tracking control (37) contains closed-loop current
control (38). A much simplified power tracking control is
obtained in the following lemma by using the feedforward
current control (45) and by ignoring the term dick,s/dt in (37).

Lemma 4. Power injection references P rk and Qrk can be
tracked under the feedforward power tracking control uk,pq:

uk,pq = −B−1k,3
[
Ak,32vk,o +Ak,33ik,s + γk,is(ik,s − ick,s)

]
,

(44)

where γk,pq, γk,is > 0 are control gains,

ick,s =−Ak,23−1[Ak,21i
r
k,o +Ak,22vk,o] (45)

irk,o =

[
irk,od
irk,oq

]
=

2

3

[
vk,od vk,oq
vk,oq −vk,od

]−1 [
P rk
Qrk

]
. (46)

E. Unification of and Switching among GFM/GFL Controls

As shown in figure 1, the proposed primary control design
directly addresses the control of the whole inverter output
vector [δk ωk Vk Pk Qk]>. The critical component is the
state constraint enforcement control block detailed in theorem
1, as it directly provides the outcome of bringing all the
output variables to be within their operational ranges. The
constraint-enforcing control receives signals from nonlinear
tracking controls: either voltage and angle tracking for GFM
inverters or active and reactive power injection tracking for
GFL inverters. Another tracking control common to both GFM
and GFL inverters is the frequency tracking control, except that
no angle tracking is needed (i.e., the term γ2ωk

(δk,o − δrk) is
removed from (18)) for GFL SDIs. The tracking control block
diagram in figure 4 and the constraint enforcement control
block unify the designs for both GFM and GFL controls.

Fig. 4. Unification of GFM and GFL controls

V. SIMULATION AND IMPLEMENTATION RESULTS

When operated in the GFM mode, SDIs use their primary
voltage control (lemma 2) to establish a stable grid voltage
and use their primary frequency/angle control (lemma 1) to
follow their reference angles provided a secondary control
(e.g., the one in [35]) to achieve load sharing in terms of a
consensus of active and reactive power utilization ratios. When
operated in the GFL mode, SDIs use their primary power
control (lemma 3 or 4) to inject the desired power, and their
primary frequency control to track the grid frequency. The
power references may track a set reference or can vary to meet
power sharing requirements. Whenever operational constraints
are to be strictly enforced (for either GFM or GFL or both),
the real-time constraint-enforcement controls (theorems 2 and
3) are applied.
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Fig. 5. Single inverter system for case-1

Fig. 6. 4-DG microgrid

TABLE I. Parameters of the test systems

Base Values and Parameter Values
f0 60Hz Rk,f 0.1 Ω

V0
√

2*277 V Lk,f 1.35 mH
Vdc 1000 V Rk,c 0.03 Ω
Sk 1.2Pk Lk,c 0.35 mH
Pk [5,5,5,5]> kW Ck 50 µF
Zfd1 0.115 +j0.1Ω Zld1 15 Ω
Zfd2 0.175 +j0.58Ω Zld2 10 + j5.7Ω

Case 1: Mode Transition, Synchronization, and Sudden Dis-
connection

Consider the system in figure 5 where the SDI inverter is
chosen to be the IGBT-based 6-switch 3-phase bridge from
the ARTEMiS library in RT-Lab using Opal-RT cores [36].
Effectiveness of the proposed controls is shown in the presence
of high frequency harmonics, and the only addition is a
low-pass filter of 95Hz cut-off frequency on the feedback
measurements. A sequence of events are simulated as follows:
• Grid forming over t ∈ [0 2]s: During this phase, the grid

voltage is formed with a local load. Real and reactive
powers are injected to bring up the voltage and frequency
to the required 1 pu and 60 Hz, respectively. Voltage
constraints are activated with a delay to allow the voltage
tracking control to raise the voltage gradually.

• Synchronization and connection for t ∈ [2 7]s: The SDI
starts to synchronize itself to the voltage at the point of
common coupling (PCC) at t = 2s. Figure 5c displays the
outcome of the angle control. A small deadzone is applied
to the angle error to prevent excessive control action. Due
to this angle synchronization, a slight frequency transient
can also be observed in fig. 5(e). Figure 5(f) shows the
action of the voltage control as it attempts to make Vb

match up with the voltage magnitude at PCC. After the
breaker closes, the SDI (still in the GFM mode) restores
its terminal voltage to 1 pu, as shown in Figure 5(b).

• Switch from GFM to GFL during t ∈ [7 9]s: At
t = 7s, the SDI is transitioned into the GFL mode by
tracking fixed P and Q references of 0.3 pu and 0.05 pu,
respectively. As power injections are achieved, there are
small transients in voltage and frequency as expected.

• Sudden Islanding: At t = 9s, the breaker suddenly opens.
Based on the drift of the voltage and angles on each side
of the breaker, the SDI transitions back to the GFM mode.
A sudden spike in voltage is confined by the constraint-
enforcing voltage control. The real and reactive power
injections return to pre-synchronization values.

Case 2: Synchronous Start, Mode transitions, and Load
Changes in a Microgrid

This case study considers the microgrid shown in fig. 6.
The case study is divided into the following five time intervals
during which disturbances are simulated, and the results are
presented in fig. 8. For comparative illustration, the results
with and without constraint-enforcing control are represented
by the solid line and the dashed line, respectively. While DG
2 is intentionally held as a GFM inverter through-out the
simulation, the other DGs are free to transition between GFL
and GFM modes.
• Synchronous black start over t ∈ [0 2]s: All DGs start

as GFM, and their power injections bring their terminal
voltages to 1 pu. Should one (or more) of the GFM
inverters have limited power available, say that DG 3 is
subject to the real-power limit of .6 pu, the constraint-
enforcing control would stop lifting the terminal voltage
once the power limit is reached while unconstrained
primary control always achieves precise voltage tracking.

• Angle control over t ∈ [2 5]s: To autonomously achieve
load sharing and adjust real power injections by the
DGs within their maximum capacity, a secondary control
scheme is implemented to produce angle references. The
proposed frequency control accelerates or decelerates the
phasor vector to achieve angle tracking (used for syn-
chronization in case - 1) , as shown in the frequency plot,
figure 8d. As a result, DG 3 injection moves lower and
away from its power limit. While real and reactive power
injections are changed, the voltages are well regulated
and remain constant.

• Transitions from GFM to GFL during t ∈ [5 10]s: During
this period, DGs 1, 3, and 4 transition to the GFL mode
at predetermined time instants of t = 5, 7, and 9s to
track fixed references of real power P = .3, .6, .5 pu,
respectively, while reactive power is controlled by a Q-
V control mechanism to maintain 1 pu terminal voltage.
The proposed GFL control tracks the desired reference
accurately, with DG 2 being the only GFM inverter. As
GFMs transition to GFL, the remaining grid forming
inverters respond and supply the imbalance. When DG
1 transitions to GFL, a transient local voltage dip is ob-
served in figure 8c. Voltage constraint-enforcing control
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Fig. 7. Case 1: (a) current tracking, (b) voltage, (c) angle tracking during synchronization, (d) real and reactive power, (e) frequency, and (f) voltage
magnitude during synchronization

of limit .98 pu limits the dip, while the voltage dips
down to 0.972 without the constraint-enforcing control.
The frequency control together with secondary control
enables the remaining GFM to respond the GFM to GFL
transitions smoothly and adaptively.

• Load addition and removal during t ∈ [10 12]s: A load
of 0.285 − 0.26j pu is suddenly applied and removed
at 10s and 12s, respectively. Since the GFL inverters
are to track their fixed references of real and reactive
power injections, the only remaining GFM DG 2 would
pick up the load change but, as its active power reaches
.65 pu limit, its nodal voltage drops. Nonetheless, as
shown in figure 8c, constraint-enforcing control ensures
that GFL DG voltages stay within [0.98, 1.02] as the load
is applied and removed. And, transients in real power are
seen for the GFL inverters as their nominal control returns
them to their fixed set points.

• Transitions from GFL to GFM during t ∈ [12 18]s:
Removal of the load at t = 12 allows GFM DG 2
to return to its pre-disturbance condition. Subsequently,
GFL inverters 1, 3, and 4 transition back to GFM at preset
time instants t = 15, 13, 13 seconds, respectively. In their
GFM mode, the DGs resume angle reference tracking as
evident in fig. 8d.

Case 3: Asynchronous Starts, Single Line to Ground (SLG)
Fault, Three Phase to Ground (3LG) Fault, and Induction
Motor Start-up in the Microgrid

In this case study, the ability of inverters withstanding and
riding-through power system transients is investigated using

the microgrid in fig. 6, and four events are included below.
Results are presented in fig. 9 and in fig. 10.

• Asynchronous black start over t ∈ [0 5]s: DG 1 starts up
at t = 0 and while DGs 2, 3, and 4 begin their synchro-
nization at preset-times of t = 1s, 2s, 3s respectively.
During the synchronization phase, the angle difference
between sides of the breakers is adjusted under control
(18), voltage magnitude is regulated using the proposed
GFM voltage control, and the local frequency transients
due to synchronization are shown in the frequency plot
of figure 10c. Once the frequency, angle and voltage
magnitude are matched on either side of the breaker,
the breaker turns on. Figure 9a shows that constraint-
enforcing control limits DG injections to their maximum
available values. As such, the voltage levels around 1 pu
are finally achieved once DGs 3 and 4 get connected.

• SL2G fault for t ∈ [5 7]s: A single-line-to-ground (SL2G)
fault is applied on phase A and at bus B2 near DG 4 and
DG 1 at time t = 5s for a period of 3 cycles. During
the fault, the positive sequence voltage drops, and grid
forming is disrupted. In addition, the system becomes
unbalanced, the dq0 feedback measurement components
and hence the power injections becomes oscillatory. The
constraint-enforcing control limits the magnitude of these
oscillations to P k and Qk.

• 3L2G fault during t ∈ [7 9]s: A three-phase-to-ground
(3L2G) fault is applied at bus B4 at t = 7s for a period
of 3 cycles, and the proximity of the fault to the DGs is
in the order of DG 4, DG 1, DG 2, and DG 3. During the
fault, voltages sag, and grid forming trigger turns false.
Based on the grid status, GFL DGs 3 and 4 automatically
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(a)

(b)

(c)

(d)

Fig. 8. Case 2: (a) real power, (b) reactive power, (c) voltage, and (d) frequency

transition to GFM, and all the four GFM DGs attempt
to bring up their voltages. Once the fault is cleared, the
voltages recover, grid forming trigger returns back to true,
and DGs 3 and 4 to transition back to the GFL mode.
It is shown in figure 10b that the constraint-enforcing
control limits the current magnitude to 1.2 pu and real
and reactive power injections to P k and Qk.

• Induction motor start during t ∈ [9 11]s: An induction
motor with a centrifugal load rated at .3 pu at 1 pu speed

is placed at bus B2. When the induction motor starts at
t = 9s, it draws a high current and a lot of reactive
power, and such transients may exceed the power and/or
current rating of the inverter. Figure 9 shows that the
proposed constraint-enforcing control ensures observation
of the maximum power ratings of Sk, P k, and Qk. This
prevents inverter damage. However, the trade-off is that
the motor start-up takes slightly longer, and the voltage
sag is slightly deeper.
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(a)

(b)

(c)

Fig. 9. Case 3: (a) real power, (b) reactive power, (c) apparent power

Case 3: Demonstration of the Proposed GFM/GFL Controls
on GridLink Inverter Testbed

Figure 11 shows the experimental setup of Siemens’
GridLink inverter, PV emulator, and 3-phase AC loads. The
GridLink inverter is a 3-phase, three-level active neutral-point-
clamped (ANPC) converter, and its circuit diagram is shown
in figure 12. Each phase of the inverter has six transistor
switches: four transistors with switching frequency of 48 kHz
as its inner stage, and two transistors with switches switching

frequency of 60 Hz as the outer stage. GridLink is a software
defined inverter that allows us to implement any chosen con-
trols using first Simulink and then its resulting C codes through
a JTAG programmer. To implement the designed controls,
sensor calibration is performed, and all the feedback signals
for control implementation are conditioned through low-pass
filters of cutoff frequency 95 Hz. The proposed GFM control
is validated using the GridLink inverter test platform in figure
11. Specifically, figure 13 shows the dq components of current
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(a)

(b)

(c)

Fig. 10. Case 3: (a) voltage Vo, (b) Current and (b) frequency during SLG, 3LG and induction motor start-up

reference irs, current is, voltage reference vro , and voltage vo,
as well as 3-phase AC output voltages vo,abc(t). The results
clearly show that the proposed GFM/GFL-integrative primary
control achieves grid form with very good tracking of current
and voltage references in the presence of high-frequency
switching dynamics and their electromagnetic transient.

VI. CONCLUSION

In this paper, a nonlinear and recursive design of unified
GFM/GFL controls is presented, and the proposed controls are
synthesized in closed form. The proposed approach guarantees
tracking performance in both GFM and GFL modes and also
allow seamless switching between the two. Since DERs often
have limited capacity and available power, both GFM and GFL
controls need to observe their power and current constraints.
Simultaneously, reliable grid operation requires that frequen-
cies and voltages stay within acceptable range. To meet these
operational constraints, the GFM/GFL tracking controls are
embedded with a state-constraint-enforcing mechanism that
follow the same recursive design principle. Effectiveness of the
proposed GFM/GFL controls and their constraint-enforcing
capabilities are demonstrated through mathematical analysis,
simulation case-studies and experimental implementation us-
ing GridLink software-defined inverters.

REFERENCES

[1] Y. Xu, W. Sun, and Z. Qu, “Renewable energy integration and system
operation challenge: Control and optimization of millions of devices,” in

Fig. 11. Experimental platform with GridLink inverter

New Technologies for Power System Operation and Analysis, H. Jiang,
Y. Zhang, and E. M. (Eds.), Eds. Elsevier Inc., 2020, ch. 2.

[2] J. Rocabert, A. Luna, F. Blaabjerg, and P. Rodrı́guez, “Control of power
converters in ac microgrids,” IEEE Transactions on Power Electronics,
vol. 27, no. 11, pp. 4734–4749, Nov 2012.

[3] Y. Sun, X. Hou, J. Yang, H. Han, M. Su, and J. M. Guerrero, “New
perspectives on droop control in ac microgrid,” IEEE Transactions on
Industrial Electronics, vol. 64, no. 7, pp. 5741–5745, 2017.

[4] J. Fang, H. Deng, and S. M. Goetz, “Grid impedance estimation



13

(a)

Fig. 12. Circuit diagram of GridLink inverter hardware platform

Fig. 13. Experimental results: (a) current loop output; (b) voltage loop
output; and (c) inverter AC output

through grid-forming power converters,” IEEE Transactions on Power
Electronics, vol. 36, no. 2, pp. 2094–2104, 2021.

[5] Z. Li, C. Zang, P. Zeng, H. Yu, S. Li, and J. Bian, “Control of a grid-
forming inverter based on sliding-mode and mixed H2/H∞ control,”
IEEE Transactions on Industrial Electronics, vol. 64, no. 5, pp. 3862–
3872, 2017.

[6] X. Quan, A. Q. Huang, and H. Yu, “A novel order reduced synchronous
power control for grid-forming inverters,” IEEE Transactions on Indus-
trial Electronics, vol. 67, no. 12, pp. 10 989–10 995, 2020.

[7] J. Chen, F. Prystupczuk, and T. O’Donnell, “Use of voltage limits for
current limitations in grid-forming converters,” CSEE Journal of Power
and Energy Systems, vol. 6, no. 2, pp. 259–269, 2020.

[8] W. Du, F. Tuffner, K. P. Schneider, R. H. Lasseter, J. Xie, Z. Chen,
and B. P. Bhattarai, “Modeling of grid-forming and grid-following
inverters for dynamic simulation of large-scale distribution systems,”
IEEE Transactions on Power Delivery, pp. 1–1, 2020.

[9] P. J. Hart, R. H. Lasseter, and T. M. Jahns, “Coherency identification and
aggregation in grid-forming droop-controlled inverter networks,” IEEE
Transactions on Industry Applications, vol. 55, no. 3, pp. 2219–2231,
2019.

[10] T. L. Vandoorn, B. Meersman, J. D. M. De Kooning, and L. Vandevelde,
“Analogy between conventional grid control and islanded microgrid
control based on a global dc-link voltage droop,” IEEE Transactions

on Power Delivery, vol. 27, no. 3, pp. 1405–1414, 2012.
[11] J. M. Guerrero, J. C. Vasquez, J. Matas, L. G. de Vicuna, and M. Castilla,

“Hierarchical control of droop-controlled ac and dc microgrids—a gen-
eral approach toward standardization,” IEEE Transactions on Industrial
Electronics, vol. 58, no. 1, pp. 158–172, Jan 2011.

[12] Q. Sun, J. Zhou, J. M. Guerrero, and H. Zhang, “Hybrid three-
phase/single-phase microgrid architecture with power management ca-
pabilities,” IEEE Transactions on Power Electronics, vol. 30, no. 10, pp.
5964–5977, 2014.

[13] Q. Zhong, P. Nguyen, Z. Ma, and W. Sheng, “Self-synchronized syn-
chronverters: Inverters without a dedicated synchronization unit,” IEEE
Transactions on Power Electronics, vol. 29, no. 2, pp. 617–630, 2014.

[14] M. Ramezani, S. Li, F. Musavi, and S. Golestan, “Seamless transition
of synchronous inverters using synchronizing virtual torque and flux
linkage,” IEEE Transactions on Industrial Electronics, vol. 67, no. 1,
pp. 319–328, 2020.

[15] M. Li, W. Huang, N. Tai, L. Yang, D. Duan, and Z. Ma, “A dual-
adaptivity inertia control strategy for virtual synchronous generator,”
IEEE Transactions on Power Systems, vol. 35, no. 1, pp. 594–604, 2020.

[16] G. Li, F. Ma, A. Luo, Z. He, W. Wu, X. Wei, Z. Zhu, and J. Guo,
“Virtual impedance-based virtual synchronous generator control for
grid-connected inverter under the weak grid situations,” IET Power
Electronics, vol. 11, no. 13, pp. 2125–2132, 2018.

[17] B. B. Johnson, S. V. Dhople, A. O. Hamadeh, and P. T. Krein,
“Synchronization of parallel single-phase inverters with virtual oscillator
control,” IEEE Transactions on Power Electronics, vol. 29, no. 11, pp.
6124–6138, 2014.

[18] M. Sinha, F. Dörfler, B. B. Johnson, and S. V. Dhople, “Uncovering
droop control laws embedded within the nonlinear dynamics of van
der pol oscillators,” IEEE Transactions on Control of Network Systems,
vol. 4, no. 2, pp. 347–358, 2017.

[19] M. A. Awal and I. Husain, “Unified virtual oscillator control for grid-
forming and grid-following converters,” IEEE Journal of Emerging and
Selected Topics in Power Electronics, pp. 1–1, 2020.

[20] B. B. Johnson, M. Sinha, N. G. Ainsworth, F. Dörfler, and S. V. Dhople,
“Synthesizing virtual oscillators to control islanded inverters,” IEEE
Transactions on Power Electronics, vol. 31, no. 8, pp. 6002–6015, Aug
2016.

[21] M. A. Awal, H. Yu, I. Husain, W. Yu, and S. M. Lukic, “Selective
harmonic current rejection for virtual oscillator controlled grid-forming
voltage source converters,” IEEE Transactions on Power Electronics,
vol. 35, no. 8, pp. 8805–8818, 2020.

[22] Y. Xu, Z. Qu, and J. Qi, “State-constrained grid-forming inverter control
for robust operation of ac microgrids,” European Control Conference
(ECC 2020), Saint Petersburg, Russia, May 2020.

[23] N. Pogaku, M. Prodanovic, and T. C. Green, “Modeling, analysis and
testing of autonomous operation of an inverter-based microgrid,” IEEE
Transactions on power electronics, vol. 22, no. 2, pp. 613–625, Mar.
2007.



14

[24] R. Harvey, Z. Qu, and T. Namerikawa, “An optimized input/output-
constrained control design with application to microgrid operation,”
IEEE Control Systems Letters, vol. 4, no. 2, pp. 367–372, April 2020.

[25] H. Xin, Z. Qu, J. Seuss, and A. Maknouninejad, “A self-organizing
strategy for power flow control of photovoltaic generators in a distribu-
tion network,” IEEE Transactions on Power Systems, vol. 26, no. 3, pp.
1462–1473, Aug 2011.

[26] A. Maknouninejad and Z. Qu, “Realizing unified microgrid voltage
profile and loss minimization: A cooperative distributed optimization
and control approach,” IEEE Trans. Smart Grid, vol. 5, no. 4, pp. 1621–
1630, Jul. 2014.

[27] V. Nasirian, Q. Shafiee, J. M. Guerrero, F. L. Lewis, and A. Davoudi,
“Droop-free distributed control for AC microgrids,” IEEE Trans. Power
Electron., vol. 31, no. 2, pp. 1600–1617, Feb. 2016.

[28] H. Zhang, S. Kim, Q. Sun, and J. Zhou, “Distributed adaptive virtual
impedance control for accurate reactive power sharing based on consen-
sus control in microgrids,” IEEE Trans. Smart Grid, vol. 8, no. 4, pp.
1749–1761, Jul. 2017.

[29] A. Bidram, V. Nasirian, A. Davoudi, and F. L. Lewis, Cooperative
Synchronization in Distributed Microgrid Control. Springer, 2017.

[30] L. M. Wieserman, S. F. Graziani, T. E. McDermott, R. C. Dugan,
and Z. Mao, “Test-based modeling of photovoltaic inverter impact on
distribution systems,” IEEE 46th Photovoltaic Specialists Conference
(PVSC), pp. 2977–2983, June 2019.

[31] L. M. Wieserman, Developing a Transient Photovoltaic Inverter Model
in OpenDSS Using the Hammerstein-Wiener Mathematical Structure.
PhD, Electrical and Computer Engineering, University of Pittsburgh,
Pittsburgh, 2016.

[32] H. K. Khalil, Nonlinear systems. Prentice-Hall, 2002.
[33] Z. Qu, Cooperative Control of Dynamical Systems. Springer Science

& Business Media, 2009.
[34] R. Harvey, Z. Qu, and T. Namerikawa, “Coordinated optimal control of

constrained ders,” in 2018 IEEE Conference on Control Technology and
Applications (CCTA). IEEE, 2018, pp. 224–229.

[35] H. Xin, Z. Lu, Z. Qu, D. Gan, and D. Qi, “Cooperative control
strategy for multiple photovoltaic generators in distribution networks,”
IET control theory & applications, vol. 5, no. 14, pp. 1617–1629, 2011.

[36] “Advanced real-time electromagnetic simulation solver for the simscape
electrical toolbox,” https://www.opal-rt.com/solver/, accessed: 2022-10-
11.

APPENDIX
EXPRESSIONS OF THE MATRICES IN THEOREM 1

The four sets of matrices in theorem 1 are explicitly defined
as follows:


Gk,v = 1

Vk,o
v>k,oAk,23Bk,3,

Ek,v = Fk,v − βv1βv2V0(1 + ∆v)
Mk,v = Fk,v − βv1βv2V0(1−∆v)

, (A.1)


Gk,P = 3

2 i
>
k,oAk,23Bk,3,

Ek,P = Fk,P − P̈ k − (βp1 + βp2)Ṗ k − βp1βp2P k
Mk,P = Fk,P − P̈ k − (βp1 + βp2)Ṗ k − βp1βp2P k

,

(A.2)
Gk,q =

[
0 1

]
,

Ek,q = − 2V0εv
vk,dc

Mk,q = 2V0εv
vk,dc

, (A.3)


Gk,Q = 3

2 i
>
k,oHqAk,23Bk,3

Ek,Q = Fk,Q − Q̈k − (βq1 + βq2)Q̇k − βq1βq2Qk
Mk,Q = Fk,Q + Q̈k + (βq1 + βq2)Q̇k + βq1βq2Qk

,

(A.4)

where βv1, βv2, βp1, βp2, βp3, βq1, βq2, βq3 are positive gains,

Fk,1 =Ak,11ik,o +Ak,12vk,o +Dk,1vk,b,

Fk,2 =Ak,21ik,o +Ak,22vk,o +Ak,23ik,s,

Fk,v =− 1

V 3
k,o

(v>k,oFk,2)2 +
1

Vk,o
‖Fk,2‖2

+
1

Vk,o
v>k,oAk,21Fk,1 +

1

Vk,o
v>k,oAk,22Fk,2

+
1

Vk,o
v>k,oAk,23[Ak,32vk,o +Ak,33ik,s]

+ (βv1 + βv2)
1

Vk,o
v>k,oFk,2 + βv1βv2Vk,o (A.5)

Fk,P =
3

2

[
v>k,o(Ak,11Fk,1 +Ak,12Fk,2 +Dk,1v̇k,b)

+ F>k,1Fk,2 + i>k,o(Ak,21Fk,1 +Ak,22Fk,2

+Ak,23Ak,32vk,o +Ak,23Ak,33ik,s)
]

+
3

2
(βp1 + βp2)[F>k,1vk,o + i>k,oFk,2]

+ βp1βp2Pk (A.6)

Fk,Q =
3

2

[
− v>k,oHq(Ak,11Fk,1 +Ak,12Fk,2 +Dk,1v̇k,b)

+ F>k,1HqFk,2 + i>k,oHq(Ak,21Fk,1 +Ak,22Fk,2

+Ak,23Ak,32vk,o +Ak,23Ak,33ik,s)
]

+
3

2
(βq1 + βq2)[F>k,1Hqvk,o + i>k,oHqFk,2]

+ βq1βq2Qk. (A.7)


