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Abstract—Active distribution grids are gaining traction to meet
the growing environmental, socio-economic, and sustainability
targets. Various advanced smart grid technologies facilitate the
integration of Distributed Energy Resources (DERs) by sup-
porting the bi-directional power flow. The limited observability
of distribution grids, primarily related to their location at the
very edge of power system infrastructure, brings challenges to
optimal grid management. Moreover, only a limited number of
measurements at regular intervals are usually available. This
paper presents a novel inference framework, referred to as
“Voltage Inference”, to overcome the observability issues. The
proposed framework employs a prediction step based on the
Multivariate Taylor series approximation, followed by a corrector
step that minimizes the estimation error to infer the otherwise
unknown voltages from the available measurements. Numerical
results on the IEEE 13-bus test feeder validate the accuracy and
computational performance of the proposed framework.

Index Terms—Active distribution grids, DERs, real-time ob-
servability, voltage inference.

I. INTRODUCTION

Traditional distribution grids are transforming at a rapid
pace to address the ever-growing environmental, socio-
economic, and sustainability goals. As a result, the distri-
bution grid’s role is evolving from being passive, which
allows an upstream-to-downstream electricity flow, to an active
one supporting the bi-directional electricity flow [1]. Active
distribution grid has enabled the increasing grid-integration
of Distributed Energy Resources (DERs), e.g., wind farms,
photovoltaics, and battery storage systems to energize com-
munities and businesses locally [2]. Consequently, the high
penetration or even dominance of DER-based generation in
future distribution grids is inevitable.

Unlocking the full potential of the DER-integrated distribu-
tion grids requires the optimal management of emerging smart
grid technologies, including demand response, use of batteries
in frequency regulation, and peer-to-peer energy transactions
[3]. However, the limited real-time observability in distribution
grids impedes the deployment of advanced grid monitoring and
control technologies. Therefore, it is critical to improving the
observability in active distribution networks for the reliable
and secure operation of grid-edge DERs [4].

Partial observability in distribution networks is caused by
the limited number of sensors and their location at the
very edge of the power system infrastructure. The limited
measurements are only available at a subset of nodes, with
other nodes unobservable. Researchers have proposed various
computational solutions depending on the availability and type
of measurements to address different observability challenges

in distribution grids. Notable works about topology and line
parameters estimation for the radial distribution networks are
reported in [5]–[7].

In light of the observability difficulties with grid-edge
DERs, the work [8] presents a Spatio-temporal learning tech-
nique. It combines the benefits of Distribution-Phasor Mea-
surement Units (D-PMU) and smart-meter readings to improve
DER observability. The proposed algorithm was used to per-
form critical grid-edge monitoring activities like evaluating the
exact timing of Electric Vehicle (EV) events and calculating
Behind-the-Meter (BTM) solar generation [8]. A bi-linear
optimization problem was proposed in [9] for estimating line
parameters using the distribution modeling approach under
the practical consideration of partial observability. The model
identification problem was investigated in [10] using D-PMU
voltage and current phasor measurements. Recovering the
admittance matrix in diverse scenarios and tracking network
topology changes through tractable convex programs.

The main theme of our research addresses the problem of
identifying dynamic voltage profiles under limited observabil-
ity. Generally, the voltage profile has a gradual downward
trend in distribution grids. But with the high penetration of
DERs, the max/min voltages in the distribution grid could get
worse at a given time and maybe spanned over a large number
of nodes [11]. Monitoring voltage variations in real time and
corresponding locations across the distribution network are of
utmost importance for managing novel grid-edge technologies,
optimal voltage controls, etc.

This paper presents a novel inference concept named
as“Voltage Inference” to overcome the observability insuf-
ficiency. The inference framework uses a prediction step
based on the Multivariate Taylor series approximation to
predict the otherwise unknown voltages from the available
measurements, followed by a corrector step that minimizes
the estimation error to refine the inferred voltages. The main
contribution of this paper is the unique model-based Voltage
Inference methodology to calculate voltages at unobservable
nodes/locations in a DER-integrated three-phase unbalanced
distribution grid. Numerical studies demonstrated the feasibil-
ity of using the proposed Voltage Inference as a central or
distributed technique.

The structure of paper is as follows: Section.II models
the DER-integrated distribution grid. Section III outlines the
Voltage Inference framework, and Section IV discusses the
algorithmic structure and implementation. Simulation results
and conclusions are discussed in Sections V and VI.
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Fig. 1: Three-phase unbalanced distribution grid.

II. MATHEMATICAL MODELING AND PRELIMINARIES

The general mathematical model is built for a DER-
integrated three-phase unbalanced distribution grid as shown in
Fig. 1. A general expression for the ith bus complex voltages
Vi = V r

i + jV m
i can be written as a function of nodal power

injections Sj = Pj + jQj and complex voltage phasors Vj

of all the buses in the network (i.e., j = 2, 3, . . . , n). Define
the complex branch currents vector Ib = [Iij ]

⊤ as,

Ib = [BIBC] In. (1)

Where, the “BIBC” is a n × n upper triangle matrix withe
the element value of either “1” or “0”, which is referred to
as the Bus-Injection to Branch-Current (BIBC) matrix [12].

In =
[(

Pj+jQj

Vj

)∗]⊤
is a n× 1 vector comprises of complex

conjugate of nodal currents.
Similar to (1), the expression for the vector of complex

nodal voltages Vn = [Vi]
⊤ (except for Bus 1, which is a

substation bus) can be described as,

Vn = Vs − [BCBV]Ib (2)

Where, BCBV is a n × n lower triangle matrix containing
line impedance “zij” known as Branch-Current to Bus-Voltage
(BCBV) matrix. Whereas Ib = [Iij ]

⊤ = [I12, I23, . . . ]
⊤

denotes n × 1 vector containing all the branch currents. And
Vs = [V1]

⊤ is a n × 1 vector containing complex voltage
phasors of the substation bus.

Finally, we can describe a general expression for Vn by
substituting (1) into (2),

Vn = Vs − [BCBV][BIBC] In = Vs −ZIn (3)

Thus, the expression for the complex nodal voltage at any
ith bus, i.e., Vi (except for the sub-station bus) becomes,

Vi = V1 −
n∑

j=2

ZijI
n
j (4)

In (3), Z = [BCBV][BIBC] ∈ Cn×n is a dense matrix
with complex entries. The structure of Z is defined through
grid topology and line parameters. It is noticeable from (4) that
complex voltage Vi is a function of nodal power injections,
i.e., Pj and Qj (nodal loads/DER generations). It means that
any change in power injections at any phase of bus will result
in voltage change at all buses of distribution grid. Equation (4)
is equally applicable to the multiphase distribution grid model.

The uncertainty of renewable power generations and the
variability of loads will result in a dynamic change in the
voltage profile across distribution networks. It is crucial to
monitor temporal voltage variations in real-time across the dis-
tribution network for optimal management of different smart
grid technologies. The next section introduces a systematic
inference approach to determine the highest/lowest voltages
across the distribution grid.

III. VOLTAGE INFERENCE FRAMEWORK

This section illustrates a novel inference concept referred
to as “Voltage Inference” to overcome the insufficiency in
observability. The proposed framework employs a prediction
step based on the Multivariate Taylor series approximation,
followed by a corrector step that minimizes the estimation er-
ror to infer the otherwise unknown voltages from the available
measurements. Let the complex voltage at the ith bus be,

Vi(Pj , Qj) = V1 −
n∑

j=2

Zij

(Pj + jQj

Vj

)∗
(5)

Since, the ith bus complex voltage Vi(Pj , Qj) is a function
of both Pj and Qj (with j = 2, 3, . . . , n), (5) can be expanded
using the Multivariate Taylor series as,

Vi(Pj +∆Pj , Qj +∆Qj) = Vi(Pj , Qj)+
n∑

j=2

(
∂Vi

∂Pj
∆Pj +

∂Vi

∂Qj
∆Qj

)
+R(Pj , Qj)

(6)

If Vi(x + ∆x) = Vi(Pj + ∆Pj , Qj + ∆Qj) with x =
[Pj , Qj ]

⊤ and ∆x = [∆Pj , ∆Qj ]
⊤, then one can write the

approximate Ṽi(x+∆x) using 1st order Multivariate Taylor
series as,

Ṽi(x+∆x) ≈ Vi(x) +

[
∂Vi

∂Pj

∂Vi

∂Qj

]
∆x (7)

The term R(Pj , Qj) is the truncation error of the 1st order
Multivariate Taylor series approximation (7) around Vi(x).

In the real-time operation, due to the intermittency of
renewable generations and the variability of loads, system
states at time tk will change from S(tk) to a new state S(tk+1)
at time tk+1. It means the system operating state shifts to a
new state, i.e., (Pj(tk), Qj(tk)) → (Pj(tk+1), Qj(tk+1)). It
will cause the nodal voltages to also change from Vn(tk)
to Vn(tk+1). It is challenging to observe real-time voltages
Vi(tk+1) at each bus, as the distribution networks may not
have real-time measurements available at each bus.

a) Prediction step - Multivariate Taylor Series: To infer
voltages at the unobservable or inferred bus set1, we assume
at time interval tk, system states are known (i.e., both Vn(tk)
& S(tk)). For the next time step, i.e., tk+1, measurements are
available only at certain locations/nodes across the network
referred to as observable bus set2. The complex nodal voltages

1The unobservable or inferred bus set refers to the locations/nodes in the
distribution networks where real-time measurements are not available.

2The observable bus set represents the locations/nodes across the distribu-
tion networks where real-time measurements are available.
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at the unobservable locations can be inferred using (7) by
incorporating the information about the previously known
system states, sensitivities, and measurements available at the
observable buses as follows,

V̂a(tk+1) ≈ Va(tk) +

[
∂Va

∂Pb

∂Va

∂Qb

]
t=tk

∆x̂(tk) (8)

In (8), indices “a” and “b” denote a set of unobservable and
observable buses in the network, respectively. Here, ∆x̂(tk) =
[∆Pb(tk), ∆Qb(tk)]

⊤. The expressions ∂Va

∂Pb
and ∂Va

∂Qb
denote

sensitivities of the unobservable bus complex nodal voltages
w.r.t nodal injections of the observable bus set. Although not
discussed explicitly, the analytical sensitivity expressions can
be obtained by differentiating (4) with Pb and Qb respectively.

Since the complex voltage Vi(Pj , Qj) is a function of the
nodal injections (i.e., Pj & Qj) at all the buses in the network,
it is reasonable to assume that the prediction V̂a(tk+1) can
be made using (8). In the proposed prediction, the truncation
error can be defined as,

R̃(Pj , Qj) =

[
∂Va

∂Pa

∂Va

∂Qa

]
t=tk

∆x̃(tk)+

∑
κ=1

∑
j=2

1

(κ+ 1)
∆x(κ)(tk)

⊤+[
∂(κ+1)Va(ξ)

∂(Pj)(κ+1)

∂(κ+1)Va(ξ)

∂(Qj)(κ+1)

]
t=tk

∆x(κ)(tk)

(9)

Where, ∆x̃(tk) = [∆Pa(tk), ∆Qa(tk)]
⊤, and Va(ξ) ∈ C is

a complex number exists between Va(tk) and V̂a(tk+1).
b) Corrector step - minimizing estimation error:

The V̂a(tk+1) is an estimate of the actual voltages at the
unobservable bus set in the network. Therefore, a corrector
step is needed to ensure the predicted voltages V̂a(tk+1)
are close to the actual voltages of the unobservable loca-
tions. Subsequently, we solve an optimization problem that
minimizes a residual based on the differences between the
predicted complex nodal injections at the observable bus set,
i.e., S∗

b

(
V̂a(tk+1)

)
, and actual measurement values S∗

b(tk+1),
resulting in a more refined estimate for V̂a(tk+1). Let us
write the complex conjugate of nodal power injection set as a
function of complex voltage phasors, i.e.,

S∗(Vj) = D
[(
Vn
)∗]Z−1∆V (10)

Where, ∆V = Vs −Vn and D
[(
Vn
)∗]

is a n× n diagonal
matrix, with diagonal entries representing the complex con-
jugate of voltage phasors. Let, Y = Z−1, then the ith bus
complex conjugate of nodal power injection S∗

i is,

S∗
i (Vj) = V∗

i

n∑
j=2

Yij∆Vj (11)

Using (11), the estimate for the complex conjugate of nodal
injection at the observable bus set “b” can be defined as,

Ŝ∗
b(V̂a) = V∗

b

n∑
j=2

Ybj∆V̂j (12)
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Fig. 2: Voltage Inference framework for real-time observability
in active distribution grid.

In (12), ∆V̂j is embedded with V̂a. If the predicted
voltages V̂a(tk+1) are close to the actual voltages Va(tk+1),
then the estimate Ŝ∗

b

(
V̂a(tk+1)

)
should also be comparable

to the S∗
b(tk+1). We propose the following residual,

r
(
V̂a(tk+1)

)
=
[
Ŝ∗
b

(
V̂a(tk+1)

)
− S∗

b(tk+1)
]

(13)

We can solve the following optimization problem to find the
best solution for V̂a(tk+1) by minimizing the residual (13),

min
V̂a

1

2

∣∣∣∣∣∣r(V̂a(tk+1)
)∣∣∣∣∣∣2

2
(14)

Given that the formulation (14) is an unconstrained op-
timization problem with a smooth objective function, the
gradient descent algorithm is applied to solve the optimization
problem.

Remarks: The functional block of the Voltage Inference is
highlighted in Fig2. The proposed inference framework reveals
the following interesting observations:

i. The proposed “Voltage Inference” framework has a dis-
tributed architecture. As each observable bus or cluster of
buses from the set “b” can perform inference indepen-
dently. Results obtained with the best local minima of the
residual (13) can be used as an estimate for V̂a(tk+1).

ii. The distributed configuration within the inference ap-
proach enables simpler communication structures and lim-
ited information flow. Consequently, it has a more resilient
framework, which is free from centralized control.

iii. Furthermore, the distributed nature of the inference ben-
efits from parallel computing capabilities, reducing the
overall computational burden.

IV. IMPLEMENTATION

The Voltage Inference framework was implemented in
MATLAB using the standard libraries from MATPOWER
toolbox [13]. First, for each of the observable bus or cluster
of buses, the algorithm performs a prediction step using (8) to
calculate V̂a(tk+1). It follows a corrector step that minimizes
the residual r

(
V̂a(tk+1)

)
by solving (14) distributively for

iii



each observable bus or subset of buses. A detailed pseudo
code is provided in Algorithm 1.

Algorithm 1 Voltage Inference Algorithm

1: procedure [V̂a] = VOLTAGE_INFERENCE(a, b)
2: if m = b ▷ counter for the mth observable bus

input
3: V̂a(tk) ▷ voltages at unobservable buses, tk
4: J (tk) =

[
∂Va
∂Pm

∂Va
∂Qm

]
t=tk

▷ sensitivities information, tk

5: x̂(tk) = [Pm(tk), Qm(tk)]
⊤ ▷ measurements, tk

6: x̂(tk+1) = [Pm(tk+1), Qm(tk+1)]
⊤ ▷ measurements, tk+1

Predictor step
7: V̂a(tk+1) ≈ Va(tk) +J (tk) ∆x̂(tk);

Corrector step
if κ > 0 ▷ gradient descent iteration counter
if α > 0 ▷ gradient descent step-size
repeat ▷ corrector step

8: r
(
V̂

(κ)
a (tk+1)

)
=

[
Ŝ∗
b

(
V̂

(κ)
a (tk+1)

)
− S∗

b(tk+1)
]

9: g
(
V̂

(κ)
a (tk+1)

)
= 1

2

∣∣∣∣r(V̂(κ)
a (tk+1)

)∣∣∣∣2
2

10: V̂
(κ+1)
a (tk+1) = V̂

(κ)
a (tk+1)− α∇g

(
V̂

(κ)
a (tk+1)

)
until convergence;

11:
∥∥V̂(κ)

a (tk+1)− V̂
(κ−1)
a (tk+1)

∥∥ ≤ ϵ, κ = 1, 2, · · ·
12: end procedure

V. NUMERICAL STUDIES

A. IEEE 13-bus test feeder

This section considers several test scenarios for an unbal-
anced three-phase IEEE-13 bus distribution grid.

a) Scenario 1: The scenario assumes that observable
bus set b = {4, 6, 9, 13}, while all other buses represent
unobservable bus set, i.e., a = {2, 3, 5, 7, 8, 10, 11, 12, 14},
as shown in Fig 3. Let the system states at time-step t1
be known. In the next time-step, t2 = t1 + δt, the Voltage
Inference framework incorporates measurements from all the
observable buses set “b” to infer otherwise unknown voltages
at the unobservable bus set “a”.

For a random experiment, we assume that system state at
time t1 moves from S(t1) to a new state S(t2), such that at
time-step t2 there is a 20% increase in the nodal injections at
bus 5, 9, 10, & 12, and for all other buses a 45% increase in
the power injections from t1.

Let |Va(t2)| and δa(t2) denote the actual voltage mag-
nitudes and phase angles at the unobservable/inferred buses.
While |V̂a(t2)| and δ̂a(t2) are the voltage magnitudes and
phase angles at the inferred buses obtained using the pro-
posed inference methodology. The precision of the inference
methodology was evaluated by looking at two different error
terms, i.e., E1(t2) =

∣∣|Va(t2)| − |V̂a(t2)|
∣∣, and E2(t2) =∣∣δa(t2)− δ̂a(t2)

∣∣ at each unobservable bus/phase. These errors
for the set of inferred buses/phases are shown in Fig 4 and Fig
5, respectively. It is observable that numerical error bounds,
i.e., max E1(t2) ≈ 8.2200 × 10−04, and max E2(t2) ≈
9.1500× 10−04.
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Fig. 3: IEEE 13-bus distribution feeder topology.

Fig. 4: Results for E1(t2) =
∣∣|Va(t2)| − |V̂a(t2)|

∣∣.

Fig. 5: Results for E2(t2) =
∣∣δa(t2)− δ̂a(t2)

∣∣.
b) Scenario 2: This scenario examines the inference

as a distributed approach. We keep system states, i.e., S(t1)
and S(t2) similar to the previous scenario. Since there
are four observable buses, one can create a cluster of six
observable bus subsets, each with a pair of two observable
buses. In other words, b = {b1, b2, b3, b4, b5, b6} =
{(4, 6), (4, 9), (4, 13), (6, 9), (6, 13), (9, 13)}. Each subset
from the set “b” performs Voltage Inference distributively
and infers otherwise unknown voltages at the unobservable
bus set. The numerical error bounds, i.e., max E1(t2) and
max E2(t2), for each of the subsets from the cluster “b”
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Fig. 6: Results for the max E1(t2) and max E2(t2).
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Fig. 7: Results of Voltage Inference at different time-steps tk.

are provided in Fig 6. Each pair from the cluster performs
the inference with relatively good accuracy, with results
comparable to each other. Both scenarios indicate that the
Voltage Inference framework is robust and can be performed
centrally or distributively with excellent accuracy.

c) Scenario 3: The Voltage Inference is performed at
different time steps tk (with k = 2, 3, 4, 5, 6) for both the
centralized and distributed configurations from the previous
scenarios. For simplicity, we assume the system states are
evolving gradually at different time steps tk such that,

S(tk) = (1 + nk)S(t1), k = 2, 3, . . . , 6. (15)

Where, nk is a scalar parameter, i.e., nk = 2nk−1 with
n1 = 1/40. Error bounds results at different time steps,
i.e., max E1(tk) & max E2(tk) for both centralized and
distributed configurations are shown in Fig 7. It is evident
that both configurations inferred the unobservable voltages
for different time steps tk with relatively good accuracy. At
different tk, the inference framework utilized the system states
and sensitivities from t1. Consequently, the numerical error
bounds increase as the system states moves far from S(t1).

The Voltage Inference framework was used recursively to
address this problem. The algorithmic framework incorporates

previously inferred system states and sensitivities from tk to
perform inference at the next time tk+1.

VI. CONCLUSIONS

There is a rising trend to promote high penetration of DER-
based generation in the distribution grid. As a result, traditional
distribution is being transformed into an active distribution
grid to facilitate novel smart grid technologies. This high
percentage of DERs may cause max/min voltages variations
across the distribution to get worse, spanning over different
areas. The partial observability of distribution grids makes
real-time monitoring of voltage fluctuations difficult. In this
work, we introduce a novel Voltage Inference framework that
allows for real-time observability of voltage variations across
the distribution network. The inference framework can be used
as a central or distributed approach fostering more secure and
resilient control of grid-edge resources. The possible future
extension includes using inference for intrusion detection,
optimal placement of D-PMUs, etc.
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