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Abstract—The high penetration of distributed energy resources
(DERs) in active distribution systems has posed challenges to the
centralized distribution system restoration (DSR) strategies in
current practice. On the other hand, the advancement in smart
inverter technologies enables the bottom-up restoration capabil-
ity. This paper is motivated to develop a 3-layered hierarchical
framework for decentralized DSR, based on the grid-forming
(GFM) and grid-following (GFL) grid-edge inverters. The first
layer presents the tertiary control, which determines the load
pickup schedule and generation dispatch of DERs, using the
alternating direction method of the multipliers algorithm. The
second layer consists of two control functions: GFM control,
which regulates voltage and frequency, establishing a stable grid
for GFL inverters to follow; and GFL control, which regulates the
real and reactive power. In the third layer, the primary control
is proposed to regulate the inverter voltage and current, which
is developed based on the virtual oscillator control (VOC). The
developed framework is tested in the modified IEEE 13-node test
feeder. Two scenarios of grid-connected and islanded operating
modes are designed, and simulation results demonstrate the
effectiveness of decentralized DSR strategies for controlling grid-
edge inverters to enhance the distribution system resilience.

Index Terms—Decentralized distribution system restoration,
Distributed optimization, Grid-forming and grid following con-
trol, Virtual oscillator control-based inverter.

I. INTRODUCTION

Despite tremendous efforts in increasing power system
reliability, outages and blackouts have become more frequent
in recent years, especially due to extreme events like natu-
ral disasters and cyber-attacks. These outages have affected
millions of customers, and led to tremendous economic and
social loss each year. To better prepare for these high-impact,
low-frequency events, utilities are actively adopting new self-
healing strategies to enhance power grid resilience.

One of many ongoing grid modernization efforts is to
address issues from carbon emission and climate change. The
advanced development and increasing penetration of grid-
integrated sustainable energy sources have brought both oppor-
tunities and challenges to power system operation and control.
For example, a large number of distributed energy resources
(DERs) at grid edge can benefit both active distribution sys-
tems and integrated transmission and distribution systems in
many ways [1], including improving system stability by reduc-
ing peak load, reducing system losses by close placement to
end users, etc. It has also opened a new paradigm of restoring
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power systems from outages and blackouts, through harnessing
the grid-edge DERs for bottom-up restoration strategies [2].

However, the increasing penetration of DERs has drastically
increased the complexity of the distribution system restoration
(DSR) problem. The current mainstream centralized method-
ology for solving this problem requires a powerful centralized
controller and sophisticated communication network to collect
data, perform large-scale computations, and send out control
actions. Such a design is costly, can fail by single-point defect,
and neglects the information privacy of entities [3]. Distributed
algorithms are promising solutions to address these issues.
Accordingly, the multi-agent frameworks have been proposed
in [4], [5]. However, these methods require agents to access the
information of all other agents, which are against information
privacy and usually are not scalable. Authors in [6] proposed
a distributed framework for the load restoration problem in
distribution networks. In this paper, the alternating direction
method of multipliers (ADMM) is applied, which combines
the decomposability of dual decomposition and exceptional
convergence specification for the method of multipliers. This
method is further developed to a fully distributed cluster-based
approach based on ADMM through relax-drive-polish phases
for the mixed-integer DSR problem [7].

It is also critical to design effective control algorithms for
inverter-based DERs to fulfill the DSR schedule. There are
two types of operating modes, grid-forming (GFM) and grid-
following (GFL). GFM inverters act like a voltage source
with the black-start capability and autonomous regulation of
terminal voltage and frequency. On the contrary, GFL inverters
operate as a current source with the capability of regulating
real and reactive powers; yet they need voltage and frequency
references during their operation. Currently, most inverters
operate in GFL mode, but GFM inverters are attracting more
attention as they can support the grid establishment and
stabilization [8]. There are mainly three categories of GFM
control: droop control, virtual synchronous machines (VSM),
and virtual oscillator controllers (VOC). Droop control is the
most well-developed, which develops a linear relationship
between frequency and voltage, versus real and reactive power.
Based on droop control, VSM introduced dynamic character-
istics similar to a synchronous machine, with better dynamic
performance than droop control. VOC is the most recently
proposed control algorithm, based on a nonlinear oscillator.
By tuning the oscillator parameters, the terminal voltage can
be approximately treated as a sinusoid wave, whose frequency
coincides with the AC grid frequency. Compared to other



controllers, VOC responds much faster and provides the best
dynamic performance [9]. In addition, multiple works have
verified that VOC can work in both GFM and GFL modes.
Authors in [10] [11] presented the dispatchable VOC-based
control algorithm, which enables inverters to operate as GFL
mode when connected to the grid. A 3-layer control framework
based on VOC is proposed in [12] to enable inverters to work
in both GFM and GFL modes.

In this paper, a decentralized restoration strategy based on
a 3-layer hierarchical control framework is proposed, aiming
to provide the optimal restoration schedule for distribution
systems with inverter-based DERs. The first layer is ADMM-
based tertiary control which provides the optimized restoration
plan. The second and third layers present secondary and
primary VOC-based inverter control, respectively. Compared
to literature methods, the integration of inverter control with
the ADMM-based optimal schedule achieves a more feasible
restoration plan in practice.

II. DECENTRALIZED CONTROL FRAMEWORK OF DSR

A. The Proposed Control Framework

In this paper, we assume a blackout restoration scenario
in which a large-scale outage occurred in the transmission
network. There are two DSR scenarios, grid-connected and is-
landed. In the grid-connected scenario, there are multiple time
steps in which the power supply from transmission gradually
increases depending on its restoration progress. DERs operate
as supplemental power sources. In the islanded scenario,
DERs are the only power supply with a fixed capacity. In
this scenario, the restoration is a single-time-step process.
Depending on the capacity of DERs, the load will be restored
either partially or completely.

The decentralized restoration control framework is proposed
for both scenarios, shown in Fig. 1. First, the tertiary control
layer generates the optimal load pickup schedule, as well as
DER power dispatch ([Pref , Qref ]). This procedure is estab-
lished on the ADMM-based distributed DSR (DDSR) method,
which is implemented in Python. Next, the secondary control
layer takes [Pref , Qref ] as inputs and determines the operation
mode of inverter-based DERs. In the grid-connected scenario,
DERs will follow the transmission grid and operate in GFL
mode, with the real and reactive power regulated to track
[Pref , Qref ]. This is achieved by generating dynamic voltage
and current gains of [K ′

v] and [K ′
i] in secondary control. In

the islanded scenario, GFM inverters are needed to regulate
the terminal voltage to track Vref , which provides a reference
for other GFL inverters to follow. This is also accomplished
by generating dynamic voltage gain [K ′

v]. The primary control
of VOC-based inverter will regulate the inverter current and
voltage based on [K ′

v] and [K ′
i], hence force it to track the

desired Vref for GFM or [Pref , Qref ] for GFL. The secondary
control and primary control are implemented and validated
in MATLAB/Simulink. The details of each control layer are
introduced as follows.

Tertiary 
Control

ADMM

Secondary 
Control

GFM / GFL

Primary 
Control

VOC

Python Simulink

Fig. 1. The decentralized restoration control framework

B. DSR Problem Formulation and Tertiary Control Algorithm

The DSR problem can be formulated as a mixed-integer
convex optimization problem (1). This problem aims to max-
imize total restored loads within the restoration period of T ,
considering their priority.

max.
∑
t∈T

∑
i∈L

w⃗L
i · P⃗L

i,t (1)

where P⃗L
i,t and w⃗L

i represent three-phase power demand and
priority of load i at time step t. This objective function is sub-
ject to three sets of constraints as security constraints, power
flow constraints, and connectivity and sequencing constraints.
Security constraints are deployed to guarantee the devices’
operational limits within the distribution network such as the
capacity of DERs. The modified linearized branch flow model
is used for three-phase unbalanced power flow equations.
Also, the topological and sequencing constraints are applied to
prevent load shedding and preserve configuration limits. The
detailed formulation can be referred to [6].

The distributed framework for DSR problem is realized
through the proposed DDSR method. This method establishes
various clusters within the distribution network each with
a smart agent. Then, the DSR problem (1) is decomposed
into several subproblems assigned to each cluster i with the
related convex feasible set of Ci. The optimal restoration plan
for each cluster is achieved by performing three consecutive
phases of relax-drive-polish by the DDSR method. First, all
binary variables are relaxed to find an initial point. Then, these
variables are forced toward Boolean values in the drive phase.
Finally, the obtained results are polished by fixing binding
binary variables among clusters to achieve an optimal solution
with a fixed configuration due to fixing binary variables. The
detailed explanations and formulation of the proposed DDSR
method can be found in [7].

Each of these consecutive phases consists of an iterative
three-step procedure, which is formulated in the general-
ized form of (2) for iteration k. First, each agent solves a
restoration subproblem (2a) which is obtained by decompos-
ing augmented Lagrangian of the DSR problem. The binary
variables are relaxed by introducing the continuous variable y⃗
and making it equal to z⃗. The Lagrangian of DSR problem
(1) is built by relaxing binding constraints among clusters
such as power flow equations through introducing consensus
continuous and binary variables of x and z, consecutively
[7]. These subproblems determine the load pickup amount
and location, switching operations, and dispatching of various



Fig. 2. Schematic of VOC

components such as DERs within each cluster while binary
variables may relax, forced towards Boolean value, or fixed
depending on the current phase of the DDSR method.

Then, each agent exchanges limited boundary information
with B neighboring clusters to update the consensus variables
by (2b). Finally, agents updates the Lagrange multipliers u⃗ by
(2c) and calculate primary and dual residuals. The iterative
procedure continues for each phases until both residuals be-
comes small enough. Then, the DDSR algorithm moves to the
next phase until accomplishing all three phases.

(x⃗i, y⃗i)
(k+1) := argmin

x⃗i,y⃗i∈Ci, 0≤y⃗i≤1

[
fi(x⃗i, y⃗i)+

ρ

2
∥x⃗bi

i −x⃗
(k)

i + u⃗
(k)
1,i ∥

2
2 +

ρ

2
∥y⃗i − z⃗

(k)
i + u⃗

(k)
2,i ∥

2
2

] (2a)

x⃗
(k+1)
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1

B

B∑
i=1

(x⃗bi(k+1)

i + u⃗
(k)
1,i )

z⃗
(k+1)
i := prox

t̃,I(z⃗)

(
1

B

B∑
i=1

(y⃗
(k+1)
i + u⃗

(k)
2,i )

) (2b)

u⃗
(k+1)
1,i := u⃗

(k)
1,i + x⃗bi(k+1)

i − x⃗
(k+1)

i

u⃗
(k+1)
2,i := u⃗

(k)
2,i + y⃗

(k+1)
i − z⃗

(k+1)
i

(2c)

Here, fi(x⃗i, y⃗i) shows decomposed terms of DSR objective
function (1) relates to agent i, and ρ is the ADMM parameter.
Also, the prox operator with regularization term of I(z⃗) is
defined to drive consensus binary variables from relaxed value
towards projected Boolean value through gradual increasing of
regularization parameter t̃ during convergence procedure [7].

C. VOC-based Primary and Secondary Control Algorithms

In this section, the VOC-based primary control is first
introduced, followed by the secondary control to provide the
holistic perspective of the entire control framework.

1) Primary Control: The schematic of VOC is shown in
Fig. 2, where ig = αv3, α and σ are positive constants. The
VOC dynamic can be represented by the following differential
equations:

dv

dt
=

1

C
(−i+ ig − iL + vσ) (3)

diL
dt

=
v

L
(4)

Then, by differentiating both sides of (3), the following
equation can be derived:

d2v

dt2
=

1

C
[(3αv2 + σ)

dv

dt
− v

L
− di

dt
] (5)

Grid

VOC

abc/??
? L ??/abc

inverter

Fig. 3. Three phase VOC-based inverter control

whose form is similar to Van Der Pol oscillator [13]. By prop-
erly choosing α and σ, the solution of (5) can be approximately
represented as a sine wave, with an oscillation frequency of
1/
√
LC.

Three-phase VOC-based inverter control is shown in Fig.
3. Ki and Kv refer to current and voltage gains, respectively.
The inverter dynamics can be presented as follows:

d

dt
V =

σ

2C
(V − 3α

2K2
vσ

V
3
)− KvKi

2CV
P (6)

d

dt
θ =

1√
LC

− ω +
KvKi

2CV
2Q (7)

where P and Q refer to the inverter average real and reactive
power outputs. Based on (6) and (7), the inverter steady-state
terminal voltage and frequency can be modeled as follows:

V = Kv(
σ +

√
σ2 − 6σ(Ki/Kv)P

3α
)1/2 (8)

ω =
1√
LC

+
KvKi

2CV
2Q (9)

For any arbitrary 0 ≤ P ≤ Prate, 0.95Vrate ≤ V ≤ 1.05Vrate

can be satisfied by tuning Ki and Kv . Additionally, according
to (8) and (9), VOC-based inverter can accomplish load
sharing by properly selecting Ki which satisfies (10), without
communication with neighbors or the control center. The
detailed discussion can be referred to [14], [15].

Prate,1Kii = Prate,2Ki2... = Prate,nKin (10)

2) Secondary Control: The proposed secondary control for
GFM and GFL inverters is based on [11], [16]. Fig. 4 shows
the GFM secondary control framework, which aims to regulate
the terminal voltage by tracking Vref . Vn is set as the nominal
value of Vref . Thus, in order to track Vn, the dynamic K ′

v

is utilized to compensate for the voltage deviation instead
of constant voltage gain Kv . In the meantime, based on (7),
when inverter capacity is small, Q will be within a relatively
small range, the frequency deviation will be small enough to
be tolerable. For example, in the simulation results of this
paper, the maximum frequency deviation is 0.007Hz. Hence,
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Fig. 5. GFL secondary control method

the frequency regulator for GFM inverters is not developed in
this paper, to be developed in future work.

The GFL secondary control is shown in Fig. 5. Similarly,
the active and reactive powers are regulated by deploying
dynamic K ′

v and K ′
i instead of constant Kv and Ki. The K ′

v

is introduced for tracking real power reference Pref , and the
K ′

i is responsible for regulating the phase shift to track the
desired power angle. In the phase shift control loop, a vector is
generated which is perpendicular with iα by lagging it for 3/4
period instead of using iβ . This method enhances the control
algorithm for applications in unbalanced scenarios.

III. SIMULATION RESULTS AND ANALYSIS

A. IEEE 13-node Test System

The modified IEEE 13-node test system is used for simu-
lations, as shown in Fig. 6. Network parameters are referred

645

692

650

646
634

684

652

632

675

633

670

671611

1 phase
2 phase
3 phase

Fig. 6. IEEE 13-node test system

TABLE I
VOC PARAMETERS

L 39.91 uH C 0.1763 F
σ 3.47 α 4.06

Kv 1 Ki
* 1

PI (GFM) [0.01,1] PI (GFL) [0.02,6]
* Ki is determined by assuming inverter m has the
largest capacity with Ki,m = 1. Then, for inverter
n, it is Ki,n = Capacitym/Capacityn.

Fig. 7. Load pick-up schedule

to [17]. This distribution network is modified by adding two
inverter-based DERs at Bus 671 and Bus 675, respectively.

In the grid-connected scenario, according to the transmis-
sion restoration, it is assumed that the total restoration period
consists of three time steps (t1, t2, t3), with the available
power from the transmission network [0.4, 2.6, 4.0], in unit
of MW . According to [18], the transmission dispatch system
is updated every 10-30 mins. In this paper, each time step is
assumed to be a 10-min duration. In this scenario, the DER
capacities are set both as 0.3 MW .

In the islanded scenario, GFM inverters are needed to
establish a stable grid. As GFM inverters can regulate voltage
and frequency, high penetration of GFM inverters will benefit
grid stability. [19] recommended at least 20% of GFM inverter
ratio to avoid stability issues. In this paper, it is assumed that
one DER works in GFM mode, with the capacity of 0.9 MW
and the other one operates in GFL mode, with the capacity of
0.3 MW . As mentioned before, the restoration in this scenario
is a one-time-step process.

The parameters of VOC can be referred to Table. I.

B. Simulation Results

1) Grid-connected Scenario: The optimal load pickup
schedule is shown in Fig. 7. The dispatch of DERs in 3 steps
are [0.3, 0.3, 0.29] and [0.3, 0.3, 0.068], in unit of MW . The
first 4-second dynamics of each step are presented in Fig. 8. In
this scenario, a GFM inverter with a larger capacity is used to
model the energy supply from the transmission. At t1, there is
a 2-second ramping-up duration. Then, the circuit reaches the
steady state, and the real power of the GFL inverter converges
to the desired value.

At t2, more energy is available from the transmission and
more loads are restored. There is a short transient (1 second)
before the circuit reaches the steady state. As both DERs
output set-points are the same during t1 and t2, their output
curves overlap with each other.



Fig. 8. Dynamic simulation in grid-connected scenario

Fig. 9. Dynamic simulation in islanded scenario

At t3, there is an obvious gap between consumed power and
the available transmission capacity, indicating the transmission
supply is sufficient and all loads have been restored in this
step. Also, DERs reduce their outputs to minimize operating
costs. During the restoration process, the transient is relatively
smooth with no large oscillations observed.

2) Islanded Scenario: The restoration plan derived from the
tertiary control layer indicates that in the islanded scenario two
more loads (611, 670a) are restored compared to t1 of the
previous scenario. Fig. 9 shows the first 4-second dynamics
of the restoration process. It takes 2 seconds for the circuit
to ramp up and stabilize, and then reaches the steady-state
condition, in which the output power of the GFL inverter
is converged to Pref . Also, the GFM inverter regulates the
terminal voltage to Vn, with an overshoot of less than 5%.

IV. CONCLUSION

This paper presents a decentralized restoration framework
for distribution systems with inverter-based DERs. This frame-
work consists of 3 control layers: ADMM-based distributed

optimization as the first layer, decentralized GFM & GFL
control as the second layer, and VOC-based inverter operation
as the third layer. The simulation results validate the accuracy
of the proposed distributed optimization algorithm in both
grid-connected and islanded scenarios. Besides, it also demon-
strates the good performance of the proposed inverter control
framework in terms of stability, dispatchability and dynamic
characteristics. In future works, the frequency regulation will
be developed for GFM inverters with large capacity, and
the closed-loop feedback from primary/secondary to tertiary
control will be modeled to achieve a fully-distributed solution.
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[14] B. B. Johnson et al., “Synchronization of parallel single-phase inverters
with virtual oscillator control,” IEEE Transactions on Power Electronics,
vol. 29, no. 11, 11 2014.

[15] B. B. Johnson, M. Sinha, N. G. Ainsworth, F. Dörfler, and S. V. Dhople,
“Synthesizing virtual oscillators to control islanded inverters,” IEEE
Transactions on Power Electronics, vol. 31, no. 8, pp. 6002–6015, 2016.

[16] D. Raisz, T. T. Thai, and A. Monti, “Power control of virtual oscillator
controlled inverters in grid-connected mode,” IEEE Transactions on
Power Electronics, vol. 34, no. 6, pp. 5916–5926, 2019.

[17] W. H. Kersting, “Radial distribution test feeders,” IEEE Transactions on
Power Systems, vol. 6, no. 3, pp. 975–985, 1991.

[18] D. Shirmohammadi, B. Wollenberg, A. Vojdani, P. Sandrin, M. Pereira,
F. Rahimi, T. Schneider, and B. Stott, “Transmission dispatch and
congestion management in the emerging energy market structures,” IEEE
Transactions on Power Systems, vol. 13, no. 4, pp. 1466–1474, 1998.

[19] A. Quedan, W. Wang, D. Ramasubramanian, E. Farantatos, and S. Asgar-
poor, “Behavior of a high inverter-based resources distribution network
with different participation ratios of grid-forming and grid-following
inverters,” in 2021 North American Power Symposium (NAPS), 2021,
pp. 1–6.


	Introduction
	Decentralized Control Framework of DSR
	The Proposed Control Framework
	DSR Problem Formulation and Tertiary Control Algorithm
	VOC-based Primary and Secondary Control Algorithms
	Primary Control
	Secondary Control


	Simulation Results and Analysis
	IEEE 13-node Test System
	Simulation Results
	Grid-connected Scenario
	Islanded Scenario


	Conclusion
	References

