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Abstract— Linear discriminant analysis (LDA) is a well-known
technique for linear classification, feature extraction, and dimen-
sion reduction. To improve the accuracy of LDA under the
high dimension low sample size (HDLSS) settings, shrunken
estimators, such as Graphical Lasso, can be used to strike a
balance between biases and variances. Although the estimator
with induced sparsity obtains a faster convergence rate, however,
the introduced bias may also degrade the performance. In this
paper, we theoretically analyze how the sparsity and the con-
vergence rate of the precision matrix (also known as inverse
covariance matrix) estimator would affect the classification accu-
racy by proposing an analytic model on the upper bound of an
LDA misclassification rate. Guided by the model, we propose a
novel classifier, DBSDA, which improves classification accuracy
through debiasing. Theoretical analysis shows that DBSDA
possesses a reduced upper bound of misclassification rate and
better asymptotic properties than sparse LDA (SDA). We conduct
experiments on both synthetic datasets and real application
datasets to confirm the correctness of our theoretical analysis
and demonstrate the superiority of DBSDA over LDA, SDA,
and other downstream competitors under HDLSS settings.

Index Terms— Classification, debiasing, linear discriminant
analysis, sparsity.

I. INTRODUCTION

L INEAR discriminant analysis (LDA) [1] is a well-known
technique for feature extraction and dimension reduc-

tion [2]. It has been widely used in many applications, such as
face recognition [3], image retrieval, and so on. An intrinsic
limitation of classical LDA is that its objective function relies
on the well-estimated and nonsingular covariance matrices.
For many applications, such as the microarray data analysis, all
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scatter matrices can be singular or ill-posed since the data are
often with high dimension but low sample size (HDLSS) [4].

The classical LDA classifier relies on two key
parameters–the mean vector of each type and the precision
matrix. Under the HDLSS settings, the sample precision
matrix (also known as the inverse of sample covariance matrix)
used in LDA is usually ill-estimated and quite different from
the inverse of population/true covariance matrix [5]. For
example, the largest eigenvalue of the sample covariance
matrix is not a consistent estimate of the largest eigenvalue of
the population covariance matrix, and the eigenvectors of the
sample covariance matrix can be nearly orthogonal to the truth
when the number of dimensions is greater than the number of
samples [6], [7]. Such inconsistency between the true and the
estimated precision matrices degrades the accuracy of LDA
classifiers under the HDLSS settings [8], [9].

A plethora of excellent work has been conducted to
address such HDLSS data classification problem. For exam-
ple, Krzanowski et al. [10] suggested to use pseudoinverse
to approximate the inverse covariance matrix, when the
sample covariance matrix is singular. However, the preci-
sion of pseudoinverse LDA is usually low and not well
guaranteed [11]. Other techniques include the two-stage
algorithm principle component analysis + LDA [11], [12],
LDA based on Kernels [13]–[16] and/or other nonpara-
metric statistics [17]–[20]. To overcome the singularity
of the sample covariance matrices, instead of estimating
the inverse covariance matrix and mean vectors separately,
Clemmensen et al. [21], Cai and Liu [22], and Mai et al. [23]
proposed to estimate the projection vector for discrimination
directly. More popularly, regularized LDA approaches [3],
[10], [24] are proposed to solve the problem. These meth-
ods can improve the performance of LDA either empiri-
cally or theoretically, while few of them can directly address
the ill-estimated inverse covariance matrix estimation issue.

One representative regularized LDA approach is to replace
the precision matrix used in LDA with a shrunken estima-
tor [3], [10], [24], such as Graphical Lasso [25], so as to
achieve a “superior prediction.” Intuitively, through replacing
the precision matrix used in LDA with a sparse regularized
estimation, the ill-posed problem caused by HDLSS settings
can be well addressed. The sparse estimators usually converge
to the inverse of true/population covariance matrix faster than
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the sample estimators [5]. With the asymptotic properties,
the sparse LDA (SDA) should be close to the optimal LDA.
However, the way that the sparsity and the convergence rate of
the precision matrix estimator would affect the classification
accuracy is not well studied in the literature.

Furthermore, with induced sparsity, the inverse covariance
estimator becomes biased [26]. The performance of SDA
is frequently bottlenecked due to the bias of the sparse
estimators. Recently, researchers tried to debias the Lasso
estimator [26]–[28], through adjusting the �1-penalty for the
regularized estimation, so as to achieve a better regression
performance. Inspired by this line of research, we propose
to improve SDA through debiasing (i.e., desparsifing) in
this paper.

Our Contributions: With respect to the aforementioned
issues, in this paper, we made following contributions.

1) We propose a novel analytic model for the LDA misclas-
sification rate, based on the convergence rate of inverse)
covariance matrix estimator and the sparsity/density of
the estimates. This model can derive the upper bounds
of LDA misclassification rate on both the Gaussian and
non-Gaussian datasets.

2) Guided by the proposed analytic model, we first analyze
the most commonly seen SDA via Graphical Lasso [24],
and study the upper bounds of the SDA misclassification
rate. Inspired by debiased Lasso [28], we then develop a
novel classifier DBSDA—debiased sparse discriminant
analysis. DBSDA leverages yet another debiased esti-
mator for a linear classification problem, to reduce the
upper bounds of misclassification rate, through balanc-
ing the biases and variances in a regularized model.

3) Our theoretical analysis based on the proposed analytic
model shows, in terms of asymptotic properties of pro-
jection vector (also known as the vector β), DBSDA
converges faster than SDA; in terms of misclassifi-
cation rate, DBSDA enjoys a reduced upper bound
of misclassification rate than SDA. We also conduct
extensive experiments to demonstrate the advantage of
the proposed algorithms comparing to other competitors.
The results validate the correctness of our theoretical
analysis.

The paper is organized as follows. In Section II, we review
the LDA models and summarize the existing LDA misclas-
sification rate analysis model. In Section III, we propose an
analytic model characterizing the error bound of misclassi-
fication rate based on the sparsity and convergence rate of
an inverse covariance matrix estimator. In Section IV, guided
by the proposed analytic model, we introduce a baseline
algorithm SDA, then propose our algorithm, DBSDA, and
further compare their performances. In Section V, we vali-
date the proposed algorithms, synthesized datasets, benchmark
datasets, and real-world applications. Finally, we review the
related work, discuss the limitation, and conclude the paper in
Sections VI and VII, respectively.

II. PRELIMINARIES

In this section, we first briefly introduce the binary classifier
using traditional LDA. Then, we present the state-of-the-art

TABLE I

SUMMARY OF NOTATIONS

analytic models on the LDA misclassification rate which
assume that the data for classification follow certain Gaussian
distributions. The main notations are listed in Table I.

A. LDA for Binary Classification

To use Fisher’s LDA (FDA), given the independent identi-
cally distributed (i.i.d.) labeled data pairs (x1, l1) . . . (xm, lm),
we first estimate the sample covariance matrix �̄ using the
pooled sample covariance matrix estimator with respect to the
two classes [1], then estimate the sample precision matrix as
�̄ = �̄−1. Furthernore, μ̄+ and μ̄− are estimated as the mean
vectors of the positive samples and the negative samples in
the m training samples, respectively.

Given all estimated parameters �̄ (and �̄ = �̄−1),
μ̄+ and μ̄−, the FDA model classifies a new data vector x
as the result of

f̄ (x) = argmax
�∈{−,+}

δ(x, �̄, μ̄�, π�)

where

δ(x, �̄, μ̄�, π�) = x T �̄μ̄� − 1

2
μ̄T

� �̄μ̄� + log π� (1)
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where π+ and π− refer to the (foreknown) frequencies of
positive samples and negative samples in the whole population,
respectively.

B. LDA Misclassification Rate for Gaussian Data With
Uncertain Covariance Estimates

In this section, we summarize the studies [8], [9], [29], [30]
in theoretical misclassification rate of LDA classifiers for
classifying multivariate Gaussian data.

We first assume that the data for binary classification
follow two (unknown) Gaussian distributions with the same
covariance matrix �∗ (i.e., the inverse covariance matrix
�∗ = �∗−1) but two different means μ∗+ and μ∗−,
i.e., N (μ∗+,�∗) for positive samples and N (μ∗−,�∗) for
negative samples, respectively. Given the LDA classifier
f̄ (x) based on the sample estimated mean vectors μ̄+,
μ̄−, and a specific covariance matrix �̄ (and �̄ = �̄−1),
Zollanvari et al. [8] and Zollanvari and Dougherty [9]
modeled the expected misclassification rate of an LDA
(i.e., probability of � �= f̄ (x)) on the data of N (μ∗+,�∗),
N (μ∗−,�∗) as a function ε(μ̄+, μ̄−, �̄, μ∗+, μ∗−, �∗),
that is,

ε
(
μ̄+, μ̄−, �̄, μ∗+, μ∗−,�∗

)

= π+ ·	
⎛

⎜
⎝−

(
μ∗+ − (μ̄++μ̄−)

2

)T
�̄(μ̄+ − μ̄−)

√
(μ̄+ − μ̄−)T �̄�∗�̄(μ̄+ − μ̄−)

⎞

⎟
⎠

+π− ·	
⎛

⎜
⎝

(
μ∗− − (μ̄++μ̄−)

2

)T
�̄(μ̄+ − μ̄−)

√
(μ̄+ − μ̄−)T �̄�∗�̄(μ̄+ − μ̄−)

⎞

⎟
⎠

= π+ ·	
(

(2(μ̄+ − μ∗+)− (μ̄+ − μ̄−))T �̄(μ̄+ − μ̄−)

2
√

(μ̄+ − μ̄−)T �̄�∗�̄(μ̄+ − μ̄−)

)

+π− ·	
(

(2(μ∗− − μ̄−)− (μ̄+ − μ̄−))T �̄(μ̄+ − μ̄−)

2
√

(μ̄+ − μ̄−)T �̄�∗�̄(μ̄+ − μ̄−)

)

(2)

where �̄ = �̄−1 and 	(·) refers to the CDF function
of a standard normal distribution. It is obvious that the
expected misclassification rate is sensitive with the parame-
ters μ∗+, μ∗−,�∗, μ̄+, μ̄−, and �̄, while the true parameters
μ∗+, μ∗−, and �∗ are usually unknown.

Assumption 1: Given m samples x1, x2, . . . , xm drawn from
N (μ∗+,�∗) and N (μ∗−,�∗) with constant priors, μ̄+ and
μ̄− are estimated using sample estimators. According to [31],
the sample mean μ̄+, μ̄−, and μ̄ converge to the popula-
tion mean μ∗+, μ∗−, and μ∗ at the �2-norm convergence rate
O(p/m)1/2 in high probability.

Assumption 2: We assume that for each sample |xi |2 ≤ L.
Thus, there has |μ̄+ − μ̄−|2 ≤ 2L. For sample covariance
matrix �̄ = m−1 ∑m

i=1 xi x T
i , there has ��̄�2 = λmax(�̄) ≤

trace(�̄) ≤ L2, as �̄ is a positive semidefinite matrix with all
eigenvalues nonnegative.

Assumption 3: As was assumed in [32] and [33],
we assume that there exists a positive constant K that

can bound the eigenvalues of �∗ as 1/K ≤ λmin(�
∗) ≤

λmax(�
∗) ≤ K . Since �∗ = �∗−1, then there also exists

1/K ≤ λmin(�
∗) ≤ λmax(�

∗) ≤ K. In this way, there exist
��∗�2 ≤ K and ��∗�2 ≤ K.

Theorem 1: We first denote �̄μ as �̄μ = μ̄+ − μ̄−.
Then, based on [8] and [9], the upper bound of the expected
misclassification rate of f̄ (x) can be reduced to

P∼N [� · f̄ (x) < 0] ≤ 	

⎛

⎝
C
√

p/m · |�̄�̄μ|2 − �̄T
μ�̄�̄μ

2
√

�̄T
μ�̄�∗�̄�̄μ

⎞

⎠

(3)

where C refers to a positive constant.
Intuitively, when the sample estimation of a covariance

matrix �̄ (also �̄) is close to the population ones �∗ (and �∗),
the expected error rate can be minimized.

III. MAIN THEORY: UPPER BOUNDS OF

LDA MISCLASSIFICATION RATES

In this section, we analyze the performance of a classical
LDA classifier. We derive the upper bounds of the LDA mis-
classification rate on both the Gaussian and non-Gaussian data.
Our result shows, for both the Gaussian and non-Gaussian
datasets, the upper bounds of LDA misclassification rates are
sensitive to the sparsity of inverse covariance matrix estimator
and the convergence rate of the estimator.

A. LDA Misclassification Rate for Gaussian Data

Let denote �μ = |μ̄+ − μ̄−|2/2 referring the gap between
means, in the rest of this paper.

Theorem 2: Suppose the data for the binary classifica-
tion (training and testing) follows the Gaussian distributions
N (μ∗+,�∗) and N (μ∗−,�∗) (with �∗ = �∗−1). Given an
inverse covariance matrix estimator �̄ and mean estimators
μ̄+ and μ̄− over m samples drawn from the distribution with
constant priors, the misclassification rate of f̄ (x) will be upper
bounded by

P∼N [� · f̄ (x) < 0] ≤ 	

(
C

2

√
K · p

m
− |�̄μ|2

2
√KL2

��̄�−1
2

)
.

(4)

Theorem 1 suggests that the performance of LDA can be
improved with lower misclassification upper bound, when
using a sparse inverse covariance matrix estimator with faster
convergence rate in spectral norm.

Proof: To prove Theorem 1, given the symmetric positive
definite matrices �∗ and �∗ = �∗−1, there must exist the
Cholesky decomposition matrix M having �∗ = MT M and
�∗−1 = �∗ = M−1(M−1)T

P[� · f̄∼N (x) ≤ 0] ≤ 	

(
C
√

p/m · |�̄�̄μ|2 − �̄T
μ�̄�̄μ

2|M�̄�̄μ|2

)

.

Since 	(·) is monotonically increasing, we have

P[� · f̄∼N (x) ≤ 0] ≤ 	

(
C

2

√
p

m
· �M−1�2 −

�̄T
μ�̄�̄μ

2|M�̄�̄μ|2

)

.
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Since there exists (1) �M−1�2 = (λmax((M−1)T M−1))1/2 =
(λmax(�

∗))1/2 ≤ (K)1/2. (2) �̄T
μ�̄�̄μ ≥ λmin(�̄)|�̄μ|22 =

1/λmax(�̄) · |�̄μ|22 ≥ (1/L2)|�̄μ|22, and (3) �M�2 =
(λmax(MT M))1/2 = (λmax(�

∗))1/2 ≤ (K)1/2, then we have

P[� · f̄∼N (x) ≤ 0] ≤ 	
(

C
2

√
K · p

m − |�̄μ|2
2
√KL2 ��̄�−1

2

)
.

�

B. LDA Misclassification Rate for Non-Gaussian Data

In this section, we generalize the LDA misclassification rate
from Gaussian data to non-Gaussian data.

Theorem 3: Suppose the labeled data pairs (x, �) follows
a joint probability distribution with density function P(x, �).
The population covariance matrix �∗ is defined as

�∗ = E
x

i.i.d.∼ P(X)
[(X− μ̄)(X− μ̄)T] (5)

where μ̄ is the sample mean estimated from the training
samples drawn i.i.d. from an unknown distribution with density
function P(x) = ∑

�∈{−1,+1} P(x, �). Based on our assump-
tion on mean vectors, the Gaussian distribution N (μ̄,�∗) is
the nearest Gaussian distribution to the data, with minimized
Kullback–Leibler divergence [34]. Then, there exists an upper
bound of f̄ (x)’s misclassification rate on such data

P[� · f̄ (x) < 0]
≤ P∼N [� · f̄ (x) < 0] +

∑

�∈{−1,+1}
π�

√
DKL (P��N (μ̄�,�∗))

2

(6)

where P� refers to the distribution of data x with a specific
label � ∈ {+1,−1} and the probability density function is
P(x |�) = (P(x, �)/π�), and DKL(P��N (μ̄�,�

∗)) refers to
the Kullback–Leibler divergence between the distribution of
the data and Gaussian distribution N (μ̄�,�

∗).
Proof: Given an LDA classifier f̄ (x) : X → {+1,−1},

we define the misclassification function 1[� �= f̄ (x)] = 1
when � �= f̄ (x) and 1[� = f̄ (x)] = 0 when � = f̄ (x). Then,
the misclassification rate of f̄ (x), for any data distribution with
density functions P(x, �) and � ∈ {+1,−1}, can be written as

P[l · f̄ (x) < 0] =
∑

�∈{+1,−1}

∫

x
1[� �= f̄ (x)] · P(x, �)dx .

Consider the density functions P∼N (x |�) for Gaussian distri-
bution N (μ̄�,�

∗) and � ∈ {+1,−1}
P[l · f̄ (x) < 0]
=

∑

�∈{+1,−1}

∫

x
1[� �= f̄ (x)] · π� · P∼N (x |�)dx

+
∑

�∈{+1,−1}

∫

x
1[� �= f̄ (x)] · π� · (P(x |�)− P∼N (x |�))dx .

Consider the misclassification rate on Gaussian distribution
P∼N [� · f̄ (x) < 0]. Thus

P[l · f̄ (x) < 0] ≤ P∼N [� · f̄ (x) < 0]
+

∑

�∈{+1,−1}
π�

∫

x
|P(x |�)−P∼N (x |�)|dx .

Consider Pinsker’s inequality

P[l · f̄ (x) < 0]
≤ P∼N [� · f̄ (x) < 0] +

∑

�∈{−1,+1}
π�

√
DKL (P��N(�∗,μ̄�))

2

where DKL (P��N(�∗,μ̄�)) refers to the Kullback–Leibler diver-
gence (KLD) between the Gaussian distribution N (μ̄�,�

∗)
to the arbitrary distribution P� with the density function
P(x |�) = (P(x, �)/π�). While the KLD of a given dataset
to its nearest Gaussian distributions are frequently fixed,
the misclassification rate of f̄ (x) on arbitrary data distribution
is sensitive with the Gaussian bound P∼N [� · f̄ (x) < 0]. �

Remark 1: Theorem 2 suggests that we can consider any
distribution as the combination of its nearest Gaussian dis-
tribution [i.e., N (μ̄,�∗)] and other non-Gaussian compo-
nents [35]. Given an LDA classifier f̄ (x), the misclassification
rate is affected by two factors: 1) the misclassification rate
of f̄ (x) on the nearest Gaussian distribution of the data,
i.e., P∼N [� · f̄ (x) < 0] and 2) the divergence between
the data distribution and the Gaussian distribution. Since the
divergence of the given data to its nearest Gaussian distribution
DKL(P��N (μ̄�,�

∗)) is fixed for a non-Gaussian dataset,
we only need to consider the first term of the right-hand side
in the inequality. Considering both the theorems, we can thus
further conclude that for any datasets, the performance of f̄ (x)
is sensitive to the convergence rate ��̄ − �∗�2. Such factor
is sometimes known or bounded when an estimator is given,
thus are the focuses of this paper.

IV. PROPOSED ALGORITHM

In this section, we first introduce a baseline algorithm
that lowers the aforementioned error bound using the sparse
but biased precision matrix estimator with fast convergence
rate. Then, we propose our algorithm DBSDA that further
improves the baseline algorithms through the model debiasing.
Finally, we discuss the theoretical advantages of the proposed
algorithm.

A. Sparse Discriminant Analysis via Graphical Lasso

This baseline algorithm, referred to by SDA via Graphical
Lasso, was derived from the Scout family of LDA introduced
in [24]. Compared to the classical Fisher’s LDA presented
in Section II-A, this baseline algorithm leverages Graphical
Lasso [24] estimator to replace the precision matrix estimated
using sample covariance matrix. The proposed algorithm is
implemented using the discriminant function defined in (1), as

f̂ (x) = argmax
�∈{−,+}

δ(x, �̂, μ̄�, π�) (7)

where �̂ refers to the Graphical Lasso estimator based on the
sample covariance matrix �̄

�̂ = argmin
�>0

⎛

⎝tr(�̄�)− log det(�)+ λ
∑

j �=k

|� j k|
⎞

⎠. (8)
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According to Theorem 1 and the convergence rate of Graphical
Lasso [36], the misclassification rate of f̂ (x) is addressed
in Theorem 3.

Theorem 4: Suppose the sample covariance matrix is
estimated using m samples drawn i.i.d. from a Gaussian
distribution N (μ,�∗), the upper bound of the misclassifica-
tion rate of f̂ (x) on Gaussian distributions—N (μ+,�∗) and
N (μ−,�∗)—should be

P∼N [� · f̂ (x) < 0]
= 	

(

O
(

( p

m

) 1
2 −

(
m

1
2

m
1
2 + ((p + d) log p)

1
2

)))

(9)

with high probability, where the rate ((p + d) log p/m)1/2 is
derived from the Frobenius-norm convergence rate of Graph-
ical Lasso [36], and d = max1≤i≤p|{ j : �∗−1

i, j �= 0}| refers
to the maximal degree of the graph (i.e., population inverse
covariance matrix).

Proof: According to Zollanvari’s model, the misclassifi-
cation rate of f̂ (x) on the Gaussian data should be

P∼N [� · f̂ (x) < 0] = ε
(
μ̄+, μ̄−, �̂, μ∗+, μ∗−,�∗

)
(10)

where �̂−1 = �̂ is the Graphical Lasso estimator.
According to [36], while the spectral-norm convergence rate

is not yet known, the Frobenius-norm convergence rate of
Graphical Lasso is known as

��̂�2 ≤ ��∗�2 + ��̂−�∗�2 ≤
√
K + ��̂−�∗�F

= Op

(√
m +√

(p + d) log p√
m

)

(11)

where d = max1≤i≤p |{ j : �∗ �= 0}| refers to the maximal
degree of the true graph �∗ = �∗−1. Then, according to the
definition of O(·), we can conclude

P∼N [� · f̂ (x) < 0]
= 	

(

O
(( p

m

) 1
2 − m

1
2

m
1
2 + ((p + d) log p)

1
2

))

. (12)

�

B. DBSDA: Debiased Sparse Discriminant Analysis

Intuitively, a sparse estimator, such as SDA aforementioned,
can be further improved through debiasing. For example,
Lasso can be improved, with even faster convergence rate
(lower error bound), by debiased Lasso [28].

In this section, we introduce our proposed algorithm
DBSDA(via Graphical Lasso). We first present the linear clas-
sifier form of the SDA. Then, we propose a debiased estimator
of the linear projection vector (i.e., β), which is derived from
the well-known debiased Lasso. Later, we address the overall
algorithm design.

The SDA algorithm introduced in (7) can be rewritten in a
linear classifier form as

f̂ (x) = sign(δ(x, �̂, μ̄+, π+)− δ(x, �̂, μ̄−, π−))

= sign(xT β̂G + cg) (13)

where sign(·) function returns +1 if the input is nonnega-
tive, and −1 when the input is negative. The vector β̂G =
�̂(μ̄+ − μ̄−) and the scalar cg = −(1/2) · (μ̄+ + μ̄−)T βG +
log(π+/π−). Obviously, βG is the vector of projection coef-
ficients for linear classification.

Inspired by the debiased Lasso [26]–[28], we propose to
improve the performance of SDA through debiasing βG .
Given m labeled training data (x1, �1), (x2, �2), . . . (xm .�m)
with balanced labels, the Graphical Lasso estimator �̂ on the
data and the SDA model (i.e., β̂G and cg), we propose a novel
debiased estimator of β̂ D that takes the form as

β̂ D ← β̂G + 1

m
· �̂(X− U)T (L− XT β̂G − Cg) (14)

where we denote X as an m × p matrix, where 1 ≤ i ≤ m
and the i th column is xi ; L as a 1 × m matrix (i.e., vector)
whose i th row is �i ; U is an m × p matrix with each column
as (μ̄+ + μ̄−/2); and Cg is a p-dimensional vector with each
row as cg . Note that the debiased estimator addressed in (14)
is quite different from debiased Lasso [28], with respect to the
structure of LDA as a classifier. We analyze the performance
of debiased estimator in Section IV-C.

Given the debiased estimator β̂ D, our proposed algorithm
DBSDA is designed as

f̂ D(x) = sign

((
x T − μ̄+ + μ̄−

2

)T

β̂ D + log(π+/π−)

)

.

(15)

In Section IV-C, we present the analytical results of DBSDA.

C. Theoretical Properties of DBSDA
In this section, we first present Theorem 4 that provides a

upper bound of the misclassification rate of DBSDA. Then,
we present Theorem 5 addressing asymptotic properties of β̂ D .
Finally, we remark the theoretical performance comparison
between DBSDA and SDA.

1) DBSDA—Misclassification Rate Analysis: Further,
we aim at analyzing the effect of convergence rates to the
upper bound of DBSDA misclassification rate. Then, we have
the following theorem.

Theorem 5: Under the same conditions, the upper bound
of f̂ D(x) misclassification rate on Gaussian distributions
N (μ∗+,�∗) and N (μ∗−,�∗) (with equal priors) should be

P∼N [� · f̂ D(x) < 0]
= 	

(

O
(

( p

m

) 1
2 − m

1
2

m
1
2 + (p log p)

1
2

))

(16)

with high probability.
Lemma 1: Consider the definition of the debiased LDA

estimator β̂ D introduced in (14), we have

β̂ D = β̂G + 1

m
· �̂XT L − 1

m
· �̂UT L

− 1

m
· �̂(X− U)T (X− U)β̂G . (17)

As was defined β̂G = �̂(μ̄+ − μ̄−) = (1/m) · �̂XT L. With
the assumption of equal priors (π+ = π− = 0.5), thus L is
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a label vector that half of its elements are +1 while the rest are
all −1. As U is matrix where each column is a constant vector
(μ̄+ + μ̄−)/2, thus (1/m) · �̂UT L = 0. As each column of X
refers to a sample drawn from the original data distribution,
thus (1/m)(X − U)T (X − U) = �̄ is the sample covariance
matrix estimator. With all above in mind, we have

β̂ D = β̂G + (I− �̂�̄)β̂G = (2�̂− �̂�̄�̂)�̄μ (18)

where I refers to a p× p identity matrix. Note that (I−�̂�̄)β̂G

can be considered the desparsification term that debiases β̂G

through adjusting the Karush–Kuhn–Tucker (K.K.T) condition
given the Graphical Lasso estimator.

Proof: As was mentioned in Lemma1, DBSDA indeed
can be considered as an LDA classifier that leverages �D as
its precision matrix estimator and �̂D = (2 · �̂ − �̂�̄�̂).
Considering the known Frobenius-norm convergence rate

��̂D�2 ≤ ��∗�2 + ��̂D −�∗�2 ≤
√
K+ ��̂−�∗�F

= Op
√

p log p/m. (19)

According to the definition of O(·), we can obtain the result

P∼N [� · f̂ D(x) < 0]
= 	

(

O
(

( p

m

) 1
2 − m

1
2

m
1
2 + (p log p)

1
2

))

(20)

with high probability. �
2) DBSDA—Asymptotic Analysis: In order to analyze the

performance of DBSDA, we first define the linear projection
vector of the optimal LDA as β∗ = �∗−1(μ∗+ − μ∗−), then
we intend to understand how close β̂G and β̂ D approximate
to the optimal estimation β∗. Here, we continue assuming the
population mean vectors μ∗, μ∗+, and μ∗− are estimated as
sample mean vectors μ̄, μ̄+, and μ̄−, and have the following
theorem:

Theorem 6: Given the m samples for training (x1, �1), . . . ,
(xm, �m) drawn i.i.d. from N (μ∗+,�∗) and N (μ∗−,�∗) with
the equal priors, the �∞-vector-norm convergence rate of
β̂ D and β̂G approximating to the optimal estimation β∗ are

|β̂ D − β∗|2 = Op(
√

p log p/m)

|β̂G − β∗|2 = Op(
√

(p + d) log p/m) (21)

under the assumption that |μ∗+ − μ∗−|2 is estimated as
|μ̄+ − μ̄−|2 and |μ∗+ − μ∗−|2 is assumed a constant.

Proof: Here, we first prove the upper bound of
|β̂G − β∗|∞. As was defined β̂G = �̂(μ̄+ − μ̄−), then we
have

|β̂G − β∗|2 =
∣
∣�̂(μ̄+ − μ̄−)−�∗

(
μ∗+ − μ∗−

)∣∣
2

≤ ∣
∣(�̂−�∗)�̄μ|2 + |�∗

(
μ∗+ − μ̄+

)∣∣
2

+ ∣
∣�∗

(
μ∗− − μ̄−

)∣∣
2

≤ ��̂−�∗�2 · |�̄μ|2
+��∗�2 ·

(∣∣μ∗+ − μ̄+
∣∣
2 +

∣∣μ∗− − μ̄−
∣∣
2

)
. (22)

Since 1) both μ̄+ and μ̄− converge at the rate Op(
√

p/m) in
�2-norm; 2) the spectral-norm convergence rate of �̂ [32] is
��̂ − �∗�2 ≤ ��̂ − �∗�F = Op(((p + d) · log p/m)1/2);

and 3) �̄μ ≤ 2L is bounded by a constant, we thus can
conclude that, with high probability

|β̂G − β∗|2 = Op(
√

(p + d) · log p/m). (23)

�
Proof: Given Lemma 1, we prove the upper bound of

|β̂ D − β∗|2 as

|β̂ D − β∗|2 =
∣∣(2�̂− �̂�̄�̂)(μ̄+ − μ̄−)−�∗

(
μ∗+ − μ∗−

)∣∣
2

≤ |(2�̂− �̂�̄�̂−�∗)(μ̄+ − μ̄−)|2
+ ∣

∣�∗
(
μ∗+ − μ̄+

)∣∣
2 +

∣
∣�∗

(
μ∗− − μ̄−

)∣∣
2

≤ �2�̂− �̂�̄�̂−�∗�2 · |μ̄+ − μ̄−|2
+��∗�2 ·

(∣∣μ̄+ − μ∗+
∣
∣
2 +

∣
∣μ̄− − μ∗−

∣
∣
2

)
. (24)

According to [33], the spectral-norm convergence rate of the
desparisified estimator �̂D = (2 · �̂ − �̂�̄�̂) under mild
conditions should be ��̂D − �∗�2 ≤ √p · ��̂D − �∗�∞ =
Op(p · log p/m)1/2. In this way, considering Assumption 1,
we conclude the convergence rate as

|β̂ D − β∗|2 = Op(
√

p log p/m). (25)

�
Note that, to highlight the effect of precision matrix to the
accuracy of classification, throughout the paper, we make no
assumptions on the mean vectors. We consider the sample
estimation μ̄, μ̄+, and μ̄− as the mean vectors μ∗, μ∗+, and
μ∗− in the Gaussian distribution. It is quite often in multivariate
statistics to follow such settings [31].

Remark 2: Compared to SDA’s β̂G , our method DBSDA
recovers the linear projection vector β̂ D with a faster con-
vergence rate, i.e., (log p/m)1/2 < ((p + d) · log p/m)1/2

in a mild condition. Thus, we can conclude that DBSDA
outperforms SDA with reduced upper bounds of �∞ vector
norm estimation errors. We name β̂ D as the debiased estimator
of β̂G due to following reasons: with assumptions addressed
in Theorem 4, we can rewrite β̂G = �̂(μ̄+ − μ̄−) and
β̂ D = (2 · �̂− �̂�̄�̂)(μ̄+ − μ̄−), while (2 · �̂− �̂�̄�̂) is the
debiased estimator of �̂, according to [33].

Remark 3: In terms of misclassification rate comparison,
Op((p log p/m)1/2) < Op(((p + d) log p/m)1/2) while the
B = �(I − �̂�̄)�̂�2 is not fully known. However, �̂�̄ should
be very close to the identity matrix I , considering the K.K.T
condition in (8). In this way, f̂ D(x) can outperform f̂ G (x)
with lower misclassification rate.

V. EXPERIMENTS

In this section, we first validate different properties of
DBSDA on the synthesized data, from which we can gain
insight into the superiority of DBSDA. Then, we experi-
mentally evaluate the performance of DBSDA on benchmark
datasets, in terms of the accuracy for binary classification.
Finally, we demonstrate the performance of DBSDA on
real-world HDLSS dataset for the application of diseases early
detection.
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Fig. 1. Classification accuracy of DBSDA versus SDA on pseudorandom
synthesized data. (a) DBSDA versus SDA. (b) λ Tunning.

A. Synthesized Data Evaluation

To validate our algorithms, we evaluate our algorithms on
a synthesized dataset, which are obtained through a pseudo-
random simulation. The synthetic data are generated by two
predefined Gaussian distributions N (μ∗+,�∗) and N (μ∗−,�∗)
with equal priors. The settings of μ∗+, μ∗−, and �∗ are as
follows: �∗ is a p× p symmetric and positive definite matrix,
where each element �∗i, j = 0.8|i− j |, 1 ≤ i ≤ p and
1 ≤ j ≤ p. μ∗+ and μ∗− are both p-dimensional vectors,
where μ∗+ = 1, 1, . . . , 1, 0, 0, . . . , 0�T (the first 10 elements
are all 1’s, while the rest p−10 elements are 0’s) and μ∗− = 0.
(Settings of the two Gaussian distributions first appear in [37].)
In our experiment, we set p = 200. To simulate the HDLSS
settings, we train SDA and DBSDA, with 20–200 samples
randomly drawn from the distributions with equal priors, and
test the two algorithms using 500 samples. For each setting,
we repeat the experiments for 100 times and take the averaged
results, under the aforementioned cross-validation procedure.

In this experiment, we compare DBSDA, SDA, and LDA
(with pseudoinverse). The results of LDA are not included
here, as it performs extremely worse than both SDA and
DBSDA under the HDLSS settings. Fig. 1(a) presents the
comparison between DBSDA and SDA, in terms of accuracy,
where each algorithm is fine-tuned with the best parame-
ter λ. A detailed example of parameter tuning is reported
in Fig. 1(b), where we run both the algorithms, with training

Fig. 2. Classification accuracy of DBSDA versus SDA on unbalanced
datasets (m = 160).

Fig. 3. Asymptotic properties of DBSDA versus SDA on pseudorandom
synthesized data.

set size as 160, when varying λ from 1 to 70. From Fig. 1(a),
it is obvious that DBSDA outperforms SDA marginally. The
λ tuning comparison addressed in Fig. 1(b) shows that, given
a small λ, both SDA and DBSDA cannot perform well,
as the sparse approximation of β̂G and β̂ D cannot be well
recovered in such case [24], [33]. When λ ≥ 6, DBSDA starts
outperforming SDA, while the advantage of DBSDA to SDA
decreases when increasing λ. However, even with an extremely
large λ, DBSDA still outperforms SDA. In Fig. 2, we present
the evaluation results based on unbalanced datasets, where the
accuracy of algorithms using m = 160 training samples drawn
with varying priors is illustrated.

To further verify our algorithms, we propose the optimal
LDA classifier β∗ = �∗(μ∗+ −μ∗−), which is all based on the
population parameters. We compare β̂ D , β̂G , and β̄ estimated
by DBSDA, SDA, and LDA (with pseudoinverse) to β∗.
Fig. 3 presents the comparison among |β̂ D−β∗|2, |β̂G−β∗|2,
and |β̄−β∗|2. It is obvious that β̂ D is more close to β∗ than β̂G

and β̄. This observation further verifies Theorem 4. We also
compare the accuracy of β∗ to SDA, DBSDA and LDA. β∗
outperform these algorithms and the accuracy of β∗ is around
84.4%. It is reasonable to conclude that DBSDA outperforms
SDA, because β̂ D is more close to β∗.

B. Benchmark Evaluation Results

In Fig. 4(a), we compare DBSDA and other LDA
algorithms, including LDA with pseudoinverse, SDA via
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TABLE II

EARLY DETECTION OF DISEASES ACCURACY COMPARISON BETWEEN DBSDA AND BASELINES

Fig. 4. Performance comparison on benchmark datasets (p = 300 and
p � m). (a) DBSDA versus LDA baselines. (b) DBSDA versus
downstream classifiers.

Graphical Lasso, and Ye-LDA derived from [38], on the Web
datasets [39]. To simulate the HDLSS settings ( p � m),
we vary the training sample sizes from 30 to 120 while
using 400 samples for testing. The numbers of dimensions
p is 300. For each algorithm, the reported result is averaged
over 100 randomly selected subsets of the training/testing data
with equal priors. SDA and DBSDA are fine-tuned with the
best λ. The experimental settings show that DBSDA con-
sistently outperforms other competitors in different settings.

The nonmonotonic trend of LDA with the increasing training
set size is partially due to the poor/uncontrollable performance
of pseudoinverse used in LDA. Note that the whole Web
dataset consists of three subsets (Web-1, Web-2, and Web-3).
Due to space limitation, we only report the results on Web-1
in Fig. 4(a). Similar results can be observed on Web-2
and Web-3.

In addition to LDA classifiers, we also compared DBSDA
with other downstream algorithms including Decision Tree,
Random Forest, Linear Support Vector Machine (SVM), and
Kernel SVM with Gaussian Kernel. The comparison results
are listed in Fig. 4(b). All algorithms are fine-tuned with the
best parameters under our experiment settings (under cross
validation).

C. Early Detection of Diseases on EHR Datasets

To demonstrate the effectiveness of DBSDA in handling
the real problems, we evaluate DBSDA on the real-world
Electronic Health Records (EHRs) data for early detection
of diseases [40]. In this application, each patient’s EHR data
are represented by a p = 295 dimensional vector, referring
to the outpatient record on the physical disorders diagnosed.
Patients are labeled with either “positive” or “negative,” indi-
cating whether he/she was diagnosed with depression and
anxiety disorders. Through supervised learning on the datasets,
the trained binary classifier is expected to predict whether
a (new) patient is at risk or would develop to the depression
and anxiety disorders from their historical outpatient records
(physical disorder records) [41].

We evaluate DBSDA and other competitors, including
linear SVM, nonlinear SVM with Gaussian kernel, decision
tree, AdaBoost, random forest, and other LDA baselines, with
varying training dataset size m from 100 to 700. Table II
presents the comparison results. To simplify the comparison,
we only present the results of the algorithm with fine-tuned
parameter, which is selected through 10-fold cross validation.
It is obvious that DBSDA and SDA outperform other baseline
algorithms significantly, while DBSDA performs better than
SDA. The advantage of DBSDA over other algorithms, such
as SVM, is extremely obvious when the size of a training
dataset m is small. With the increasing sample size, though
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TABLE III

EARLY DETECTION OF DISEASES F1-SCORE COMPARISON BETWEEN DBSDA AND OTHER BASELINES

the margins of DBSDA over the rest of algorithms decrease,
DBSDA still outperforms other algorithms. We also measured
the F1-score of all algorithms, DBSDA still outperforms other
competitors in most cases, which is shown in Table III.

VI. RELATED WORK AND DISCUSSION

In this section, we review several most relevant studies
of our research. To address the HDLSS issues for LDA,
a line of research [21], [22], [42], [43] proposed to directly
estimate a sparse projection vector without estimating the
inverse covariance matrix (sample covariance matrix is not
invertible) and mean vectors separately. On the other
hand, Peck and Ness [3], Witten and Tibshirani [24], and
Bickel and Levina [44] proposed to first estimate the inverse
covariance matrix through shrunken covariance estimators,
and then estimate the projection vector with sample mean
vectors. Through regularizing the (inverse) covariance matrix
estimation, these algorithms are expected to estimate a sparse
projection vector with (sub)optimal discrimination power [9].

In our paper, we focus on improving covariance-regularized
LDA [24] through debiasing the projection vector estimated
using Graphical Lasso [36]. Our work is distinct due to the
following reasons: 1) our work is the first to study the problem
of debiasing the SDA [26]–[28]; 2) compared to the existing
solution to the debiased linear regression models [28], we pro-
posed a novel debiased estimator (using a different formulate
in (14)) for the covariance-regularized SDA [24], [36]; 3) we
analyzed the debiased estimator and obtained the upper bound
of its misclassification rate (based on our main theory) as well
as its asymptotic properties; and 4) we validate our algorithms
through comparing a wide range of baselines on both the
synthesized and real-world datasets, where the evaluation
result backups our theory (e.g., asymptotic properties proved
in Theorem 4 versus the curve shown in Fig 3).

In our future work, we intend to study the performance
of DBSDA for feature extraction [45], [46], and metrics/
representation learning [47]. Though our work study the
asymptotic property of the estimator under the IID sampling
assumption, we plan to study the scheme to further improve
LDA with faster rate leveraging other sampling strategies [48].
In addition to debias the covariance-regularized LDA, we plan

to study the debiased estimators for other SDA [21], [22],
[49], [50] under HDLSS settings. In addition to Fisher’s dis-
criminant analysis that relies on the estimation of the inverse
covariance matrix, our future work intends to model the
performance of a tensor discriminant analysis that preserves
higher order discriminant information in tensors [51], as well
as the performance of other projection methods [52] that learn
linear subspace for optimal classification.

VII. CONCLUSION

In this paper, we extend the existing theory [9], [30] and
propose a novel analytic model characterizing the misclas-
sification upper bound of LDA under uncertainty of inverse
covariance matrix estimation. Based on the analytic model,
we analyzed the misclassification rate of SDA, and pro-
posed DBSDA—a novel De-Biased Sparse Discriminant
Analysis classifier that reduces the upper bound of LDA
misclassification rate through debiasing the shrunken (sparse)
estimator [24]. Our analysis shows that DBSDA is with
a reduced upper bound of misclassification rate and better
asymptotic properties, compared to SDA, under HDLSS set-
tings. The experimental results on synthesized and real-world
datasets show DBSDA outperformed all baseline algorithms.
Furthermore, the empirical studies on estimator comparison
validate our theoretical analysis.
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